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PREFACE. 



The subject of Hydrodjnamica em- 

I braces many of the moBfc difBcult prob- 

.exDB in the range of physical research. 

Although, nt all times atti-acting the 

^attention of the greatest minds, it ia only 

fc"within httle over a century past that 

^nch real progresa has been made in 

I solution of the many and compli- 

(eated cases presented by the ordinary 

(henomena of Fluid Motion. The namea 

Epf !Euler, Lagrange and Laplace in the 

b century, and of Helmholtz, Stokes, 

Ihomson, Eayleigh and Kirchhoff in 

stnnd out preeminently as those 

lat have done tlie most to advance the 

Ktikeory to its present position. The 

tbject of the following article is to pre- 

B^ent in a short space the more important 

Hoints in the Mathematical Theory of 

fixsid Motion, as it has been developed 
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by these inTestigators. It is a want 
severely felt bj any one TnAlnTig a study 
of this subject, that there e3dsts no sepa- 
rate and complete treatise on Hydrody- 
namics. 

It is a fact, I think, greatly to be re- 
gretted, that the men who do the most 
for the real advancement of science so 
seldom present to the world the result of 
their labors and extensive knowledge, in 
any other form than an occasional me- 
moir in a scientific jonmal, or in a com- 
munication to a learned society. There 
are, however, notable exceptions to this 
general rule, as witness: Maxwell's trea- 
tise on Electricity and Magnetism; Bay- 
leigh on Sound, Cayley's Elliptic Func- 
tions, and a few others. If some one 
would present to the public a treatise on 
Hydrodynamics, of the scope of those 
mentioned on other subjects, he would 
certainly receive the gratitude of all 
physical students, and confer a great 
boon upon the scientific world. 

T. C. 
Baltdcorb, AprU, 1879. 
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The following paper containa the 
iflthematical mvestigation of Bome of 
the cases of the motion of incompreaHi- 
ble, frictionleaB fluids. The roanlte ob- 
tained are to be considered aa applying 
only to this class of fluids, unless the con- 
expresslj stated. The paper is 
(tended to be introductory to a treatise 
'Moh I hope before long to be able to 
publish. 

In a subject so difficult as Hydrody- 
DfimicB, there is but little chance for the 
idisooverj of hitherto unheard of proper- 
ies of the quantities dealt with, so, in 
'hat follows, the reader will not look for 
iinach that is absolutely new in the nay 
•Ot fact, although the arrangement of the 



work and -in many cases the methoda 
emploj^ed are my own. 

TliB ■JTjferences to the original soTireea 

froBj _"»liicli information has been drawn, 

'are given in every case, and I trust that 

. -.^tbeSe references, together with the mat- 

..■■■ifer contained in this paper, will prove of 

■.* value to any one interested in the luost 

difficult but beautiful problem of fluid 

motion. 

Of late years, much has appeared in 
different places upon the subject of 
•Hydrodynamics, but, so far as I am 
aware, there is no general work either in 
the EngHsb, French or G-erman lau- 
The aim of this paper and the 
treatise which will follow will be to 
one work, all of importance 
that has been written upon the subject, 
and so enable the stxident to forego the 
mense amoimt of research neceaeary 
in order thoroughly to inform himself 
upon any one branch of the subjet 

The sliort section which appears upon 
the theory of the Potential, is principally 
taken from Clausius's work upon that 
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subject. The references to theoretical 
mechanics are, unless otherwise stated, 
to Thomson and Tait's Natural Philoso- 
j pby. KJrchboff a Mathomatiache Phyaik, 
and Ohfford'a Elements of Dynamic, have 
also been consulted. 
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GENERAL EQUATIONS OP rLCID MOTIOH. 

Let X, T, Z denote as usiud the com 
ponent forcee acting at the point (a^ y, a) 
of the fluid reckoned per unit of its maaa 
— then denoting by p the density of the 
fluid we haye for the forces acting upon 
the elementary mass f/dxdydz the ex- 
pressions 

'S^dxdi/dz, Ypdxdydz, Zpdxdyds; 
Kow for the fluid pressure acting upon 
one face of the elementary par allelopiped, 
aj, Sj/dz we have p Sydz, p denoting the 
pressure on unit ofai-ea; upon the oppo- 
site face it is, neglecting powers of iSx 
higher than the first. 
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Consequently the resultant force due to 
fluid pressure acting in the direction of 
the axis x is, 

— dydz^dx. 

The equilibrium of this portion of the 
fluid therefore requires that 

dx6ydz-^—pX6x69/6z=o 

with similar expressions for the other 
pairs of faces. We have thus for the 
equations of fluid equilibrium, 

These three equations can, of course, be 
replaced by the single equation of equili- 
brium. 

dp=p{XdX'{-Ydi/'\-Zdz) 

when dp denotes the variation of pressure 



[responding to the clmjiges fix, dy, dz, in 
\ the co-ordinutea of the point at which the 
isure is eetimated. We see from this 
eqaation that the expresBion, 

Xrfa;-(-T% + Zrfz, 

^■M either an exact differential or capable 
\ of being made bo by a factor. If the 
I iorcea X. Y, Z belong to a conservative 
I flystem, that is, a system poeseesing a 



■ potential, < 


Dr for which the above ex- 


f»"f"" 


an exact differential, we know 


i-that 


(?X (7Y 

3 -^—0 &c. 

dy dx 



But when these conditions ai'e 
Jthe quantity '^dx + y.dy + Zdz is an ex- 
Bftct differential, or in the ease of a syetem 
■'Of eoneervatiye forces we have without 
I the assistance of any integrating factor 

iWhen H is the potential of the forces at 
^e point {x,y,z). It follows from this 
Hihat dp= — pd&, or that jy is a ftmction 
'Ol E, then for all surfaces for which R is 
{Ftsonstant^ is also constant, t'.e. the press- 
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Tire is constant over all eqtd-potential 
surfaces. From these equations of 
equilibrium we can pass directly to the 
equations of motion, by means of D'Alem- 
bert's principle. Call w, v, w, the veloci- 
ties of a particle of the fluid whose 
co-ordinates at the time t are x,y,z, thus, 

dx dy dz 

u=-rrn v=-Y-, «^=-^/ 
dt' df dt ^ 

let w', v', w'^ denote the accelerations to 
which these velocities give rise, then in 
our equations of equihbrium replacing 
X, Y, Z by, 

X-w', Y-v', Z-w' 
we have for the equations of motion 

when we have of course, 



"We may for brevity replace this oper- 

BfttKnr by ^, and we have thus ior the 

iquatioiiB of fluid motion the follomng ; 






Concerning the operator which 



laye denoted by 



DC 



important to 



fobeerve that it relates to a particular 
■jparticle and not to a particular point in. 
1 Bpaee ; the velocities w, v, w, are fimctiona 
l.of X, y, e and (, and denote the velocity 
I which any particle has when it occupieB 

I the position denoted by le, y, z and -=-- 
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d( denotes tlie increaee of velocity of ft 
second pai-ticle over the one originally in J 
this position, which arrives at this point I 
after the lapse of time dt, while on the i 

other hand, fr-dt denotes the change in 1 



velocity of the o; 
this time. Whei 



iginal particle during 
the motion is very 

small, the tei-ms m-j-. &c. may be neglect- 
ed, and we ■woold have, 

D_d 

J>t~dt 

To our equations of motion it it 
eary to add one more, expressing the 
continuity of the fluid. This equation 
simply expresses the fact, that during 
any natural motion there con be neither 
annihilation or generation of matter, or, 
referring to our problem, that the 
amount of fluid in any space at any time 
must be equal to the amount originally 
contained in that space, increased by the 
amount which has entered it during the 
time which has been allowed to pass, 
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diminislied by the amount whicli has left 
it during that time. 

Let a, b, o, denote the co-ordinafcea of 
any particle of the fluid at an initial 
imetant, x, y, z, denote the valuea of 
these co-oi'dinatea at the time ( ; now in 
order completely to specify the motion it 
1b necessary to espress these latter quan- 
tities as functions of initial co-ordinates 
Knd the time. Suppose further, that tfa, 
Sb, dc, are the edges of a small parallelo- 
piped of the fluid, as these are assumed 
to be infinitesimal, the figure will remain 
a parallelepiped during the motion. 

We have now for the co-ordinates of 
the extremities of the edges meeting in 
KUie point <t, b c, 



a+6a, b 



■;b + S 



I, b, a + 6G 



b the time t the co-ordiuates of these 
into will be, 



J aiTive, by it simple geo- 



metrical procesa, at the volume of the ( 
parallelopiped, which ia then at the time J 



dx dy da 

dd da' da 

dx dy ds 

db' dh' db *'''**' 

dx dy dz 

(fc' dc' do 

or representing the deteiTQinant by id, 
^SaSidc; hence by oiir definition of ■ 
contiimity we must have 
A=l, 
or in general if p^ and p denote the initial 
and final densities of the fluid contained 
in this portion of space 

which simply expresses the fact that the 
density of the fluid contained in this por- 
tion of space must vary inversely as the 
volnme of the space. 

This equation is known as the integral 
equation of continuity. The form of the 
equation most generally employed, how- 



le 

" M 

\ 



IS 

I erer, is that which expreeses the fact that 
I the rate of diminntion of denBity bears 
[■ to the density at any instant the same 
I ratio that the rate of increase of the toI- 
W Time of an infinitely small poi-tion of the 
I fluid bears to the same infinitely small 
[ Tolume at the same instant. The sym.- 
pbolical expression of this fact constituteB 
I the differential equation of continuity of 
||he fluid. 

IJet the flow towards the inside of an 
f elementary paraUelopiped of the flnid be 
I considered ae positive, then the flow to- 
I wards the outside will be negative. 
\ Bepreeenting as before the edges of this 
I elementary parallelepiped by dm, 6y, Sz 
■ we have for the flow through the face 
KtJy^z in the direction of x and during 
(rQie time dt 

pdydzudt 

lugh the opposite face the flow will 
during the some time 

-Sy6z(pu + '^.6x\at. 

These together give liee to an increase 
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— '6x6yd z-^dt 

"with similar expressions for the other 
pairs of faces respectively, perpendicular 
to the axis of y and z. Then the total 
increase of mass is 

^ X jp (d.pu , d,pv , d.pw\ 

but this increase of mass is also given by 

6x6y6z-J-dt; 

equating these values and we have for 
the equation of continuity 

dp d.pu d.p V d.pw __ 
dt dz dy dz ~" 

or for incompressible fluids simply, 

du dv dw^ 
dx dy dz 

It may not be uninteresting to show 
how this differential equation of continu- 
ity can be derived from the integral equa- 
tion. We have, denoting the mass of 
this elementary portion of fluid by m. 
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'm=zp 



dx 
da' 


dx 
dh' 


dx 
dc 


dy 
da' 


dy 
db' 


dy 
dc 


dz 


dz 


dz 


6a' 


6b' 


6c 



6a 6b 6c 



Differentiating this with respect to t we 
have 

^ D^ d^ 

m^^ dt 

or 

^"Dt'^A' dt 

the quantity —r -^ will be found by 

easy reductions to be equal to 

du dv dw 
dx dy dz 

and the equation thus becomes 

T>p (du dv dio 
dy dz 



''=m+''fe+--+ 



) 



from which we obviously obtain the 
forms given above. Particular forms of 
this equation for special cases are often 
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quite simplfr — as, for example — suppose 
the motion of the fluid to be wholly 
parallel to the plane xy ; in this case ws 
have simply 

du dv 

ilx dy 

but -3-= — T- is the condition that the 



. exact differential; caUing it t/y 



The quantity IP is called the stream, 
function, and all motion takes place in 
the direction of the curves ff"— const. 
If the motion be steady, the lines W 
:^conBt. will form a system of tubes in. 
the fluid, ■which may be called the tubes 
of flow. A much more general simplifi- 
cation of the equations of hydrodjnamica 
exists however for certain classes of 
motion. It is a fact, the discovery of 
■which is due to Lagrange that if at any 
Uflthe expression 
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udx-i-odi/+V)dz 
'.JIB an ssact differential, it will remain so 
throughout the mofdoni that is, if at 
any time we have 

du dv (ho ihi du dv 

dx dy dx dz dy dx' 
'^ese quantities will remain bo through- 
out the motion. Bepresentin^ these 
quantities by £, j], 6, we may express 
this fact in another manner, viz. if at any 
time the motion of the fluid be irrota- 
tional, it will remain so during the entire 
motion. In piiiiacular, if the fluid origin- 
ally at rest be set in motion, by a system 
of conservative forces or pressures, there 
will be no motion of rotation throughout 
the entire motion. The following proof 
of this theorem is that given by Str Wm. 
Thomson in his paper on "Vortex Motion," 
Sdin. Trans. 1869. As this proof does 
not depend upon the quantity /», we can 
repi-esenting by oj the 

We have then from our 
equations of motion 



H'XLO 
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d(oz=zXdx-\-Ydi/-\-Zdz 

Now, according to hypothesis, 

ILdx + Ydy -^Zdz^ dR, 
and obviously, 

= .=-- {udx + t?f/y + w?c?2) 
/ Bdx T>dy Dc?2\ 



— \u 

or since 



c?w = d'B, — Y|7 ( w^^i'J 4- vc7y + wdz) 

+ (wc?w + v<f « + wdw) 
or representing w' + u' + lo^ by V, 

YT^wdjB + vdy + w?c^«) = <?(R + iV — ft>). 

Integrating this along any arc (12) 
moving with the fluid we have 



y^/iiidx + nli/ + wik) = (R + JV"-.«), 

-(K + iV-i), 
I'lf the ore be a closed circuit the second 
I'lneniber of this equation voniaheg und we 

^^J{udx + vdy + mlz)=o, 

I'br this may be espresaed by saying that 
liAe line integral of the tanyential com- 
tonenl velocity around any closed curve 
movinff Jluid remains constant 
'oughout all time. The line integral ia 
illed the circulation, and the proposi- 
1 may be stated. The circulation in 
liOny closed line tnoving v>itk the Jluid re- 
^inains const'mt. In a state of rest the 
Circulation ia, of course, zero ; therefore, 
for the aaEumed case of motion generated 
by pressurea or conservative forces we 
hftTG that the circulation is always zero, 
so that udx + vdy+iodxis an exact differ- 
ential. Representing tliie quantity by dtp 
we have 

ilrp dg) dip 

~~dx ' ~ dy ~ dz 



from which we have for the differei 
equation of continuity 

dx' dy' dz' 
or simply 

The quantity q> is appropriately called 
the velocity potential, and the velocity in 
ani/ direction ia esprcBBed by the 1 
aponding rate of change of tp. We may 
just here observe one fact concerning 91. 
If (p is a minimum at any point, i.e. if it 
increaeeB as we go away from that point 
there must evidently be a positive expan- 
sion of the fluid from this point in aU 
directions. Similarly if ?» be a maxi 
at any point. Then the motion ia 
directions towards this point and there is 
compresaion of the fluid. 

If there be neither expanaion nor com- 
pression of the fluid within the region 
bounded by a cloaeii surface, the great- 
est and least values of the velocity 
potential in that region must be on the 
surface; for since there is no expansion 
or contraction, there can be no maximum 



^B^ nunimuia value nithin this surface. 
If, therefore, the Telocity potential is 
constant over the surface, it must be 
constant throughout the enclosed region, 
since its greatest and least values are 

raow equal. In particular, if it is zero 
over the surface, it must be zerq through- 
out the enclosed region. When the 
Telocity potential exists, the equation for 
determining the pressure can be put into 
a Tery simple form, viz. 



=cm^ 



dtp + ^tiV' 



=/- 



'*-R_^. 



r assumed case of incompressi- 
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Another form of the equations of fluid 
motion due to Lagrange is worthy of 
notice here, though the forms ah-eady 
given, or Euler's equations, are those em- 
ployed in* general in hydrodynamics. 
Since the quantities x, y, 2, are functions 
of the initial coordinates of the point, we 
have 

dp dpdx dpdy dp dz 
da~'dxda dyda dz da 



from these we have 



dp 



dx 



1 

A 



dp dy dz 

da del da 
dp dy dz 

dt> dV T 
dp dy dz 

dc^ dc^ dc 



but we have also 



Idp d'x . 

p dx dt 



&c. 



Substituting 



the values of ~ 

dx 



from 



25 

these last eqnationB in tiioee giving the j 
Talnea of -~... and we have the Lagrang- 
eian equations of flmd motion, viz. 



1 df 



\da^\dt' 



J'^-vt^ 



\dx 



\cPz 



Id 



{dl' )da pda 
■with two similar ones containing h and c, 
respectively. The reader can see that 
from these equations we can readily pass 
to the forms given before. Where the 
forces S, T, Z have a potential and there 
is also a velocity potential, these eqna- 
tions become 

d^ ffe rf|y dy ifz dz_ d(B.—vi) 
d^ da dt' da de' da" da 
d'xdx d^ydy d'zdz_d(R—o, 
d^db'^ di'dh'^ dt'db" db~ 
d'xdx d'ydy d'zdz ^d{'B.—ui) 
dt~de '^ df dc'^ dt'dc~ dc 
I Differentiate the second of these eqna^ 
L tiona with respect to e, the third with 
|.Tespect to b, and subtract the latter re- 



^H Bnlt from 



Bnlt from the former. It 'will be 8ii£Bcieait 
only two terms of the restdt. 
we have then 

da] dC tll/)~dl/\ di' dc )~d(i dt* dc 
dx <r dx 
~~dc di' 5S 

d idxd dx dx d dx)_d (dxdu 

~dt\dldt'dc~dc dt db \~di\'^'dc 
_dse du 
~dc db 






the remaining terms will be obtained by 
advancing tLe letters. We have then a 
quantity which differentiated for ( is : 
Performing similar operationa on the re- 
maing pairs of equations we anrive readily 
at the following eqiiations, where C,, C„ 
C, denote quantities which are independ- 
ent of the time. 

dx du dxdu I j dt/ dv dy dv ) 
dadb~ dbda)'^\ da db db da ) 

'^{dhdb ~Mdi\~^* 




^f 
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'^l 


\dxdu 


dzdu 
'di7c 


Klt^^ 


-Jadc\ ■ 






I(2z(2m 






+ 1*5;- 


Idxdn 
i db dc 


dxdu 
'dcdb 


+li* 


(2^ (2u 1 H 




I dt dw 
-^Idbdc 




Let now m„ v,, 


M, represent the values H 


of W, «, 1 


for ( = 


(>, thus at this time \ra H 


have 






■ 




M=W„ 


];=?',, ro= 


■ 




35=0, 


y=s, •= 


■ 




m the above H 


equations and they reduce 


immediately ■ 


to 






■ 




rfw. 


*. „ 


■ 




d6 " 


-&=''. 


■ 




rfw. 


"i". „ 


■ 




d« " 


--*=<=. 


■ 




**". 


<*». r. 


■ 




-tc- 


-Ti=°- 


■ 


We have further, since w, v, w are func- ^| 


tions of le, y, s, 




■ 


^1 


Ik 


^ 


^H 
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du du dx du dy du dz . 
da ■" dxda dy da dz da 

If now in our determinant A we de- 
note the separate minors by A^, Bj, JT^y 

L __dy dz dy dz „ 
^'^ db dc "^ dc da 

substituting now the values of --= — Ac. 

in the above equations C,, C,, C, and 
noting these last abreviations we have, 
since for incompressible fluids J=l, 

kS^v dw\ idw du\ 

'{dz^d^S'^^qdx'^dzS 

j^ {du dv) __dv 
'^ '\dy''dz\~'dc 



dw. 



dc db 



k \dv dw \ idw dv) 

'idz'^ dy ^'^^Adx "dz] 

jn\du dv) dto^ du^ 
^\dy dz) da dc 

A j <fo dw) j dw du \ 

'\dz^ d^\'^^Ad^'"dz\ 

• I dy dz ) db da 
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I Eepresenting the quantitieB on the 

Ight band aide, as we appropriately may, 

2 ^„ 2 7„, 2 ;„ and solvrng the eqiia^ 

tiona for the qimntities within, the pnren- 

thesis, we have 



I 



5=^. 



dz 



dx 



dx 

"di 



''=*.Z+''.I+=^ 



c=*.- 



° da 



+ C, 



If the quantities 5„ ;;„, C„, which are 
the initial angular velocities of the particle 
of the flnid whose co-ordinates at i = o 
a, b, r, are = o, we have that ^, ?/, C nnist 
also be = o, that is, we arrive again at 
the theorem that if there be no oiiginul 
motioil of rotation in the fluid there will 
be none at any future time. It will be 
of interest to obtain the equations which 
were used by Hehnholtz in hia great 
memoir on vortex motion. These are 
simply obtained from oiir equations of 
motion. The first of these equations 
■written out in full is 






du 




dx dt dx " dy 

Now aiipposing the fluid initially at 
rest to be eet in motion by conservatiye 
forces and pressures from the exteiioii,. 
the analytic conditions for this are 
rfX rfY 






-o&e. 



i 



Therefore differentiating the first equa- 
tion with respect to y and the second 
■with raspect to x, and subtracting we 
ehmiuate oo and the i 
and have 



d dv d du du 






duido du 
~dx dt. dydt ~^ dx\dx dy[ 



from this we have obviously 



dz dz ' \ dx^dyS 
and remembering that for incompreas 



'( _j_ rfy dui_ 
e ' dy dz 



ihiB beccmes 










D.- 
Wi'- 


=^^-S 


•J-t 


da' 


TinA. similarly 










t^- 




>?+ 


*o_ 


1 I>v_ 

r K- 


1- 


do 


>? + 





The principle of the persistence of ini- 
tially iiTotational motion obviously fol- 
, lows from these equations. 



THE POTENTIAl. 

, It will perhaps be as well to make a 
V remarks here concerning the theory 
[ the potential. It is not the purpose 
I these pagea to go into that subject 
r~^th any degree of fullness, but as there 
are a few leading principles which fre- 
quently recur a brief statement and 
deriTation of them may be of nesistance 



D some readers. 
We have already observed 



fa«t 



ft 
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concerning the velocity potential, 
that if it IB constant over a closed e 
face containing a certain definite region 
that it mil be constant thi-oughout this 
region, and in particiilar, if it be 
over the surface it will be =o throu( 
out the contained region. "Wlien udx^ 
vdy + w<h is on exact differential w 
aeen that by making it equal to dtp t 
can replace the quantity 

da da dw 

dx dy dz 
. d'<p d'tp d^<p 

Now let ff denote any closed surface, tj 
if V be tlie outer nonnal to this t 

we have -^ da for the rate of t 
dv 

outwards thi'ough the element (?ff in n 

of time, then the total flow outwards j 

time dt is eqiial to 



//. 



where the integration extends orer t 
whole Burfaca If the space enclosed 1j 



a be full both at the beginning and end 
of this time we, of conrBe, have 



fft 



d<T= 



9= 



Thia is the equation of continmty for 
the whole region. Apphed to the element 
of volume dr or dx dy dz this gives na 
d'lp d'(p d'<p _ 

If Tve denote by r the distance between 
imj two points x, y, z, and a, h, c, i. e. ■ 

r'=(a;~a)'+(y-6)' + («-c)' 
and by m a constant we see that the 
Bieqiiation A''ip-=o is satisfied by 

^Wd 



1 partitMilar solution of the par- 



1 differential equation. 

The general solution ia a homogeneona 
fimction of the quantities ic, y, a of the 
degree i, where i ia any positive integer. 
It ia also well known tfiat to every solu- 
tion of the degree i then corresponds 



e of the degree— (s + 1) expresaed by J 



The expreBsion epi ie a. Solid Spheiica 
Harmonic of tlie degree »'. The expre 
sion obtained by dividing cpi by r' wbicli^ 
will be a function only of two quantitiea, J 
viz., the angles 6 and 4', is a Spherical'] 
Surface Harmonic of the same degrea 

The (jnantity <p is now the Potential of 1 
the mass m upon the point (i, y, z). Abf 
infinity the Potential with its derivatiTe 
yaniehes, but is finite and continuor 
throughout the space except at the poiiiti|_ 
in which the maasea are found, i. e., for 
a!=a, y~b, z=c. Let now in the space 
under consideration, which is supposed 
to be continuously filled with masses, m 
denote a mass placed at a g^ven point A 1 
and let r denote the length of a lino J 
drawn from this point to any other ]^— 1 
then we know that the attraction of. the | 
maaa m upon the point B is given by— 



dr ' 



Now suppose the hne AB drawn to a 
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infinite diatance, and further that the 
space wliich containH the maBSes m is 
bounded by a closed surface. The Une 
AS will cut the surface an even number 
of times. Suppose now a sphere of radius 
unity to be described with center A, 
and then let the lice AB describe a coni- 
cal surface cutting the element diu from 
the surface of the sphere, and ds^, (/a,, &c., 
from the given closed surface. Let f de- 
note the angle between AB and the outer 
normal to the surface ; then where the 

r.ssues from the surface cos s will be 
ive and where it enters cos f will be 
tlTC. We have now 

The normal (orce on the element ds is 
given by E cos. e ds j but K coa. € ds is 
equal to 

/dX dY dZ\, . , 
Fand therefore for the whole surface 



^" 


^^^^^B 


I //Ke„....=///(f.f f 


■ 


.fh**J 


^M ' Kow since B= 


2,weh«. M 


H B COS. 


« *= ± md.. H 


^B Ab the point A 
H line AB first i 


B within the surface, the^B 
BBues from the Burface, H 


^H giving a positiye value of mdm; after that H 
H alternate poaitiTe and negative values of fl 
H mdoi -nhich destroy oacli other, bo that 1 
^M we have simply H 




at.td,=miw ■ 


■ //Rcos. . 


i,=n,fS(k.=i.,m. J 


■ Now 

■ i7tm=4 


i^/-, ic iy it ^1 


m dX (lY dZ , ■ 


^1 (T 9) rf'9) d?<p 


= -4;r,forX=-^?&,. ■ 


^^ This equation holde throughout the en- H 


B^^_ 


J 



ixe apace which is filled with the maBsea 

we represent an element of the 
e under consideration by dz and the 
msity by p we may write 

rem which 



md finally 



tfr 



The second of these integrals ia eTi- 
dently a quantity of the same kind aa 
tp\ the first is the potential of a maea 
which ia spread out upon the surface 
fds and giving the surface density 

p cos. (- y 

Suppose now that <p' be the potential 
with reference to the point (ar, y, e) of a 



mass that ia spread out upon a i 
giving the aurface density /i ; we have 
ruds 



=r- 



Asamne the rectangular axea ao that z il 
normal to the aurface; aasiune o 
point infinitely near the surface, and sup-.] 
pose a circular cylinder with radius P'| 
and having the axis of a for its axis of 1 
figure to cut the surface ; suppose P' in-l 
definitely small but infinitely large V 
with reapect to the ordinate z. Let <p^ ■ 
denote the portion of tp belonging to J 
that part of aurfacu iucludedin the cylin- I 
der; the remaining portion <fi~(p' will I 
not become infinite or discontinuous by J 
z becoming either— o or passing through 1 






P'dp' 



By neglecting infinitesimals we have 



or <p' remains finite ajid continuous if \ 
the point under consideration passes J 



througli tlie sui-face, *. 


«., il 


Vz"=±z. 


Further- 








<i'P, 


-=^Hv(ft 


+?~ 


-A 


or since, ^ 


ritb respect to 


z,V 


is infinitely 


great, 










'-'^i=-i-ii 


z 




or if « be positiTe 








^'=_2»u 







if z be negative 



d% ' 



[ 3iit 



is continuouB and also 



zsD,, 



dz 



; oonaeqnently when x changes 

from poeitive to negative passing through 

zero -y^ changes suddenly by the amount 

— 4'r/^. Now as we have taken z in the 
directioii of the normal this fact can be 
es5)reBBed as follows : Call the inner 
normal v^ and the outer normal y, then j 
, we have 




wliich may I all 1 th characteristic 
tquation of <f> at tli face.* 

Suppoae n w th t w have a. surface 
'er which a ma dietributeii as to 
give rise to th fa deneity that we 
have denoted by ia giving then the poten- 
ial <p'. We will uwe, for the present, the 
lymbol <p to expreHS a general function, 
which satisfieB tlie equation, 
d'lp ^t<p d'tp 

AulI we will take now U to represent the 
potential in the space under considera- 
tion, V for what we have denoted by qt', 
the potential of a surface over which a 
j is distributed, as mentioned abova 
Now we will introduce a new quantity 
W, which we proceed to define : At every 
point of the surface that we have spoken 
of conceive normals (positive) to be 
drawn, lay off on these infinitely small 
lengths, and through these points conceive 
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lanother surface to paBB, the eJenienta of 
PTvliich correspond to the elements of the 
first surface and conBider that on each 
dement of this new surface a mass is dis- 
tributed equal to that on the correspond- 
iug element of the first siirface bnt of 
opposite sign. Represent by k the 
negative product of the density of the 
IS on the element dcT of the first sur- 
!, by dffi then if (a, b, c) denote the 
Bement t/o and W is the potential of this 
lement at the point (x, y, e); we baye 



•^ dv 




^ express this in another 
■iWay. Conceive o. sphere of unit i-adius 
described about {x, ^, z,) as center; also 
conceive aeone on rfff as base and having 
{x, y, z) BH vertex, to cut the sphere, the 
area of the inchided portion being d2i 



tile upper or lower Bign to be taken 
according as cob. {rv) is poeitive or ne 
tive. The cosine can only change its I 

sign by (rv) passing through-^ ; erident 

ly thia ia the case only when the point ' 
(lan lie on a tangent to the surface ; then 
sapposing that cos. (rv) does not change 
its sign, we have 

■W=yT ^d2 
when the upper or lower sign is to b© 
taken according as cos. ((■i')ia positive or 
negative. If the above condition is not 
fulfilled, the surface may be divided into 
parte bo that each part can satisfy the 
imposed conditions ; then will W be given 
as the sum of the corresponding esprea- 
sions for each part In order to examine 
whether or not discontinuity occurs in the 
value of "W, by the point to which it refers 
approaching indefinitely near the surface 
— coinciding with it or passing through 
it — we will choose the axis so that s is 



normal to tlie surface, and aeeiime a 
point on s indefinitely near the surface ; 
now by exactly the eame process as 
that before employed, we see tJiat for a 
negative z we have 

and for a positive z 

"Wj corresponding to the small portion 
cut out of the surface by a circular cylin- 
der of indefinitely small i-adins P, which 
is never tbelees iniinitely large as regards 
z. Now since W, is independent of z, W 
cannot become iniinitely great by z he- 
coming infinitely small; and since W, 
suddenly changes by ^nk, W does so 
likewise. From our equation for W, we 
have for "W,, since it refers to an indefi. 
nitely small portion of the Bnrface for 
which k is constant, 

-f dz •/ (/-[-z')i 




W"!' V!"^ 



from this follows 












P' 

(P'+S) 




P'' 




3' is negligeable wiOi 
t^W, „ , 1 


respect 



The second member being independi 

of 2, , - for z—o is finite and contana- J 

oos. Thus we see that the potential W I 
for this double layer is finite always, but 
changes suddenly by the amoiuit ItiA on ' 
the point to which it refers passing ' 
through the surface in the direction of I 



continuous. With a perfectly arbitrary j 
co-ordinate system the quantitiea -5-, , 
, will in general suffer discon- 



tinuity, si 



e A; is in general not constant J 




.iv"- 
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over all tbe surface ; if i be conBtant the 
I differential ci>-efficieiit8 will suffer no dis- 
r contimiitj at the surface. 

e that we have two fanctionB U 
' and V of w, y, z, which with their deriva- 
tioiiB are single valued and continuous in 
the apace nnder consideration, which is 
bounded by a closed surface. We have 
the identical equations 

dj: dji 

dUrfV , 

dz dz dz' ~ ilz \ dz I 
P Add and multiply by the element of the 
have by changing in the 
{second member a volume into a surface 
integral, 

dx dx dy dy dz dz I 

-fdx r J-V-y^dU^. 

r This equation espreeseB what is known 
{.AB Qreen's Theorem. By an interchange 



dy' dy\ dy I 



wt 
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of U and V, which from the nature of the 
functions can be effected, the first mem- 
ber of this equation will not change. We 
will have then 

=fdr (VJ'U-TJJ*V) 

If U and V are velocity potentials this 
gives, 

In the preceding equation (a) suppose 
U=V, then it gives, 

/•^ \ldy\^ ldY\^ , (dY\^\ 

pj Tidy 

or 



2T= — y V-^ — co8.(Ka;) + -j- cos. {vy) 

+ -^ cos.(k2) yd(T 

An expression for the energy in the form 
of a surface integral. 



^H "The irrotational motion of incom- 
H, pressible fluid in a simply connected 
cloBed space - is completely determined 
by the normal yelocitieB over the aurface 
-. If i' be a m.aterial envelope, it is evi- 
dent that an arbitrary normal velocity 
may be impreaBed upon its surface, which 
norma] velocity must be shared by the 
fluid immediately in contact, provided 
that the whole vohune inclosed remain 
unaltered. If the fluid he previously at 
rest, it can acquire no moleciilar rotation 
under the operation of the fluid pressures, 
which shows that it must he possible to 
determine a function <p, such that 
d'^fp^o throughout the space inclosed 

by -, while over the surface -r- has a pi'e- 
Bcribed value limited only by the condi- 
tion 

^^B'By Green's theorem if A^(p=o, 



I 
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the integration on the right hand side 
extending over the Burface i, that on the 
left hand side over the volume. Now if 
(p and (p + A(p be two fimctionB, Batis- 
fying Laplace's equation, and giving pre- 

Hcribed values of -~, then the difference, 

dv 

A<pia B. function also satisfying Ijaplace's 

equation, and making ^ vanish OTsr 

the surface of 1. Under these circTunr 
stanoea the surface integral in the pre- 
ceding equation vanishes, and we infer 

.. . ^ . ^ , ,. (Mm, dAtp, 
that at everj point of -, — j^, ^ — 

—J-— must be equal to zero. In 

worda, A 9* must be constant and the two 
mocions identical. Kb a particular case, 
there can be no motion of the irrotational 
kind within the volume -, independently 
of a motion of the siirface." 

The line described by a point in the 
fluid, moving always in the direction of 
the residtant velocity, is, as has been 
mentioned for a simple case, called a 



oth^l 



line. If (p denote the velocity 
potential, we have obviously for the 
-.differential equations of a stream line, 

dx _dy _ dz 
dip dtp dip 
dx dy ds 
These lines evidently cut at right 
mgles, the sorface i^= const. 
If the normal velocily at every point 
I of this surface is equal to zero, we must 
' have 

r and this eqiiation will represent a surface 
Kjcliich cuts at right angles the surface 
=Gonst., and is consequently made up 

f stream lines; such a surface ia appropri- 
Fately termed a surface of flow. The 
I following properties of such surfaces, 
L .^ough not directly hearing upon the 

latter in hand, will possibly be of inter- 

at: 

Suppose that we have for the equation 
Ew a family of surfaces 



q being a variable parameter by giving' fl 
constant values to which we obtain thM~ 
equation of ea«h member of the family.fl 
Make 



(|)+(S)= 



Then we have for the direction cosines of I 
the normal in the direction in which qm 
increases 



.. (yx): 



cfx 



S(l'J/)^ 



dy 

cos. {>'«): 






if N be the component of the flow norm- ' 
al to the surface, u,v, w being the com- 
ponents parallel to a;, ^ and z respective- 
ly, we have 



"='("§"1^ 



de/ 



Hence, if N be zero, there will be no flow I 
through the surface, which may then^ba ^ 
called a sui-face of flow ; we have then for J 
ihe equation of such a surface, 



J+" ; 




If there be another family of eurfacea 
^oee parameter is 5', and these are sur- 
wee of flow, then 






dy 



Jl'- 



If we have still a third family of surfaces 
whoso parameter is q" that are Burfacee 

»of flow, then again, 
I u*!s! + V ^ + v'^-^=o 

I dx dij dz 

ehminating u, v and w between these, and 
we obtain 

H'WMchis only satisfied by making q"^ 
some function of q and q'. Suppose 
that we have only the two first of these 
Wjnations viz. : 

L 



dq 


dq 


dq 


Hx 


• dy 


' dz 


<«?■ 


dq' 


dq 


die 


'dy 


' dz 


dq- 


dq- 


dq- 


dx 


•dy' 


' dz 



dqdg-\ 



dx dy dz 

By oliminating w, w, ip in turn from thesel 
ciquationa we arrive at thefollowing whM 
^ is on undetermined function of t; a 

\di/ dz 

\{fz dx dx dz I 

\dx dy dy dx I 
Wlien one of the fiinctioDB rept^sente 
by q and q' is kuown, it is possible so tofl 
determine tbe other, that 4' shall be : 
unity. The flow in the direction of t 
DormalB to these Burfaces being=r), tlufl 
flow can only take place along the Burfaoc^ j 
and the intersection of the two surfaoefl'J 
will be a line of flow or stream line. A.\ 
tube of flow or a stream filament, i 
tube whose boimding surfaces are madft-^ 
up of lines of flow. If the two paramet- 
ers q and q' have a sericB of values given 
to them, they will form a double system of 



BTirfaces dividing apace up into a niunber 
of tubes, each of which will be a tube of 
flow. We will go further into the con- 
sideration of Btream lines in another 



HaTingf thus briefly stated some of the 
more simple of the general properties of 
the equations of fluid motion we will now 
proceed to examine some of the problems 
which present themselves most naturally 
to the student. The fii-st case that we 
idiall take up is that of the motion of 
plane waues when the escur- 
of each particle are very small. 

When a body of water originally in a 
Etate of rest is endowed with a wave mo- 
tion each particle of the mass has a mo- 
tion of oscillation or, describes a closed 
curve in Bueh a manner as to cause the 
particle of water, after a cei-tain definite 
lapse of time, to resume its original 
ion on the surface of the wave. By 

VsiG, is to be of course, understood sim- 



^pater 
^nlons 




ply the forma whicli the -water a 
Tmder the action of the disturbing fora^rj 
Plane waves are those in which the ini>- 
tion of every particle is piirallel to a ceF>4 
tain fixed plane, and they may be genei 
ated by bringing a solid body, e.g., \ 
cylinder, in contact with the snrface of^ 
the water contained in a rectangular 1 
canal of uniform depth, and in each a 
manner that the line of contact shall be 
at right angles to the length of the canal. 
Plane waves will be generated the in- 
stant the contact takes place; these will 
travel along the entire length of the 
canal; impinge on the ends and return; 
we will in our problem, however, limit 
ourselves at first to the case of a canal of 
indefinite length and then need not 
take account of the phenomena at the 
ends. Our mass of water being th^ 
supposed, contained in a canal i 
scribed, we will now proceed to the J 
mathematical examination of the waves J 
generated by such a disturbing force t 
has been mentioned. 

axis of s vertical and posi 



tive downwards, the axis of x parallel to 

the length of the canal, and thai of y at 

right angles to its sides; the origin 

being on the surface of the water at rest. 

Let now x^, i/^, z„ denote the initial vaiues 

L<rf the co-ordinates of a particle and let 

Bt, V, VI denote the displacements which 

the particle undergoes in the directions 

of X, y, and z rcspectdrely. For plane 

wayes advancing in the direction of a;, 

we have of conrae v=o, and the etjuation 

raf continuity assumes the form 

e values of u and <u> being 
,,-''9 „,-^ 



We have now to express tp ae & func- 
n of X, z, and (, and, from the nature 
t the motion, periodic with respect to 
lelasL 

l^'The aimplest way of expressing this 
iilodicity, will be by introducing in (p a 
factor which shall be a trigonometric func- 
tion of the time. We may assiuue ip in 
the form 



=*/'/<..: 



JP(0 



wheii (7 is a conetant, and the forms of i 
and F are to be detcnumed, tJie latte 
is easily obtained by the following cpi 
siderations. Wo know tbat ^ most not 
change if we increase ( by the time ( 
oscillation, denoting this by r, and i 
becomes 

£ ' ' ' COB. ( 



jF(( + r) 



Now ill order that ip may be a periodittfl 
function of (, we must have 

F(! + r)=F(0 + 27r 
which giveg by expansion 

rF'[t) + ^F'\i)+ . . . = 27, 

from which since r is constant, 
F"=F"'=,&c. .. =0 



and m n 



F(0 =/* FXl)dl~t 



V assmues the form 



»: 



Now (or the determination of /; enb 
stituting this value of <p in the differen- 
tial equation of continuity A'cp^o and 
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ax' 



r-f=o 



^Br'&tegrating this and we have for / 
^^Hie equation 

^V /—A sin.o'z+E cos.ax 

^^Hrfaen A and B are the conetantn of inte- 
^fpation. Tbie givoB ub now 



_ iffVi ■ -n \Bm.27r 

mV~^ (A am.ffx-f Beos.ffic) — (. 

■ ' \ /cob. t 



This obviously may be written 



this 



^ f«^Gin.ffa;sin.^( + S,cos.ffa:co8. — tj 

, <^/^ ■ Sff 27t\ 

+ , (o.coe.ffarem. — t + a^mn.axcos. t\ 

< v ' T ■ r ;. 

+ [afim.axam.^t+p^coB.aoscoB.— tX 
^j {li^cos,axahi. — ( + a^ain. ffj^coe. — (I 
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By auppoeing the constants a, b, . . 
positive we can, by making the prop< 
ones vamsh and establiBhing certain rela- 
tions among the remaining ones, obtain 
an expression for 91 which shall contain 
as a factor the sine of the sum or theJ 
cosine of the difference of the qiiantitiM^ 

^t and tjx. It is of course desirable fa 

introduce the quantity a; into thetrigonOr 
metric factor as the foiin of 9J i 
unaltered if we increase ( by the time 
OBcillatioQ or x by the wave length. Thenl 
making 

and for a simple advancing ' 



°r=L. 



,_;")™.(L',+4 



We have here before spoken of ipM'M 
the velocity function— there is a manifeatj 
appropriateness in this case in calling 
the leave futiction — a name that we shall \ 
adopt for the present. 



^^■The qnantii 



is called the amplitude of the waye, and 
is eyidentlj the maximum value of ^ ; r 
is the periodic time, or 2}Briod, after the 
lapse of which the valaeB of <p recur ; 
and ax determines the pha.se of the wave 
at the moment from which I is measnred. 
It is evident that if we have any number 
of wave fnnctions ep', tp" . . . which 
satisfy the differential equations 

^'(p'~0, ^'ip" = o, &c. 
that this sum must also satisfy the 
eqtiatioii 

J'S<p=o 

or any number of wave functions may be 
compounded into one resultant by simple 
addition. 

Before proceeding to the general 
problem we will examine the simple case 
of only one wave function. From the 
value given above for (p we have 



-I + ffr 
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w 



J az -az\ . I^Tt^ \ 



From these we see at once that the^dis- 
placements u and lo satisfy the equation 
of an ellipse whose semi axes are 



/ crz -<xz\ 
J az-az\ 



These values of (p, u and w can how- 
ever, be further simphfied by finding 
what relation exists between the quanti- 
ties a^ and a,. To find this relation, we 
proceed to examine the forces which act 
on any particle of the fluid; these are 
well known to be of the form 



Oy - -JiT +^j 



dt^ ' ' di' ^^' 

and the elementary equations of motion 
thus become 

1 dp _^ d^u 

p dx "' dx^ 

1 dp __ d^w 
'pdy'^" dt^^^ 
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from these we have 

4- / gdz y + const. ; 

but 

d^it ^ d d^q) _l27r\^ d(p 
"'dt^ ^ " dx ~dJ^~\T/ dx' 

<Pw___ d d^(p__/27rY d<p 
"'dt^'^ " dz de \T / dz' 
therefore, 

p=pU—j ^ 4- ^2 [ + const. 

The I' constant is evidently p^ the initial 
pressure, the first part of the second 
number of this equation being the in- 
crease of pressure at the time t above 
what it was at the initial instant. 

As we suppose ourselves limited to the 
ease of very small motions, we may re- 
gard u and w as quantities of the first 
order ; then it is obvious from the fonn 
of the expressions obtained for these 
quantities that (T is of the same order — 
the other factors being in geiieT«[V oi ^""* ' 




miignitude. Then any terms wliicli 
tain au, or ffio being quantitiee of 
eecond order, may, witli reference 
those of the first order of magnitade, 
discarded. 

These considerations now enable us 
determine p wholly in teiiue of the 
initial co-ordinates. To do this it is o 
necesBttij to write x=x^-\-u, z=z,- 
then from what has just been said 
have at once 



nly 

1 



Snbstituting these in the expression for 
tp and this again in the equation giving 
the pressui'e and we obtain for the 
latter 



-t+0x,)+fff, + gw^+p^ 



B it may be written substituting for 
' its value 
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Now for the determination of the con- 
stants, we observe first: that particles of 
the fluid originally on the bottom of the 
canal, must necessarily remain there 
during the motion; second, for particles 
of the fluid whose z co-ordidates are equal 
to zero, i.e., for particles on the surface 
of the fluid at rest, ]:> must be a constant 
=/>g. Let h denote the depth of the 
canal and the first of these conditions is 
evidently reached by making io=o for 
those particles for which z=h. This 
gives us then 

and consequently 

(Xh -ah 

from which follows. 
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-ah 
a. E 











Again, make : 
obviously, 


z=o and p=p^ 


,; this 


gives 

• 


fT)'», 


, + «a)+M«,- 


a,) = o 




from which 


a,— a, 


€ —€ 

r ,, 


ah 



\ r I ^ a^-\-a^ ^ ah -ah 

Now making for brevity 

-ah 



aa^€ =— a 



And our expressions for u and to become, 

/ -a{h-z) a{h-z)\ ^^^ ftn^ , _ \ 
^=-«(, \^ ^jcos.^_-«+(ricJ 

J -aih-z) a{h-z)\ . /2;r^ \ 

By introducing the wave length now we 
can determine the constant C Revert- 
ing to the expression previously given for 
^, and for convenience retain the two 
constants a^ and a, — ^this was 
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/ 



Iiet I denote the wave length ; we know 
that 4p will remain unchanged by writing 
for X the quantity «+ Z, as this simply has 
the effect of transferring the origin of 
co-ordinates from one end of the wave to 
the other. This substitution gives 

In order that (p remain unchanged, we 
must clearly have 

2;r 



ff= 



I 



If we call io the velocity of each particle, 
we have also 

lz=r(o, or T= — 

Substituting those in the expression 
obtained above for p, and it becomes 



^ - 7,1 ^^tl 






' /.7 









— '.5 



): 






whioii nrd:!^:*^^' rtiLsily :«: 



±T "^T 



J 



'/ 



7-' 






^'( 



«^+f 



Thfj Hame Bubstitutions give us f or ^ th 
valiuj 
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al (2;r,. , 2;r., J . 2;r 

and in like manner we can obtain for u 
and w the values 



u = —a^ -J- {h-z) — {h-z) [• COS. — . 
e +£ (u}t-\-x\ 

j 2;r,. .2;r,. ) . 2;r 
t(?= — a-< — T-(A— 2)-y-(A-^) >• sin. — 

a —€ (tt>^ + aj). 

The value of w is easily obtained. 

ffh -ah 

(t; =(-7-; =^^^^-r^=^T 

e + a 

a — a 



27t, 27t, 



a -^ a 
from this is readily obtained 
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O) 



£ + £ 

In the discussion of these values for 
(p, u, w and p lies the whole theory of 
the motion of plane waves in a perfect 
fluid. We will now proceed to an exami- 
nation of these quantities. Denote by z' 
the ^vertical ordinate at the time ^ of a 
particle on the wave surface whose other 
co-ordinates are x and y, 

€ — € (wt + x) 

integrating 

ap {27t - 27r . ) 2;r 



2' = 



^ 



\7r,, , 2;r,, J 2;r 



€ — € 

Differentiating this expression with re- 
spect to X and we obtain. 
dz' a ( Z7t^, , 2;r ., . ) . 2;r 
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This vanishes for the values 

jc=Z, t=:r 

which three are the values of x and t for 
the points of maxima and minima of the 
longitudinal section of the wave. Differ- 
entiating again 

d'z' op i 2;r^- . 2;r^- . ) 2;r 

f — £ {iot-\-x) 

This vanishes for a; =7, and -r-, with 

<=j, and-j. Consequently there are 

points of contra-flexure at J and f of the 
wave length. It is obvious, from these 
considerations, what the curve is. 

It has before been remarked that u and 
w satisfy the equation of an ellipse ; this 
is now 



The ^plane of the ellipse is Tertical and] 
itB longer asiB is in the direction of t 
motion of the wave. Suppose now thw 
particle under consideration to lie very J 
near the surface of the wave — that is, tm 
is very small as compared with Ay thoij 

the terms containing — ^-(A-z) may c 

viouely be discarded, and the only otherl 
terms which remain in the expressiona A 
for the semi-ases of the ellipse will da- | 
pend on 



7 (A-s) 



27r 



h-^z 



The equation of the ellipse thus becomM 



3te equation of a circle whose radius is 



As 

Of course the same result would be ob- 
tained by supposing the depth of the 
JJloid infinite. Thus for particles near 
Qie surface of a body of water of finite 
depth — or for particles anywhere within 
the mass of a body of water of infinite 
depth — the motion is in a vertical circle 
whose radius is given above. Suppose 
again that the wave has an appreciable 
length — say l=A ; then for particles very 
near the surface the semi-a:£es become 
Tery nearly, 

2?r -2n- , ^n -2n 

or the path of the particle is nearly circu- 
lar—the ratio between these quantities 
being nearly 1.000,007. 
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The lengths of the axis eontiiiuoiisljj 
decrease ae e uicreaees. This ie db- 
viouB in the case of the vertical axis g 

by 



for as z becomee lai^er the exponents in J 

this quantity become smaller, thus causing 
the first term in the bracket-s to diminish 
as the second increases, and consequent!; 
making the totaJ value of the quantity J 
Lliminish rapidly. Take now the hori-l 
zontal axis denoted by 



.|^(*.,>.)[^ 



differentiating this with respect to z and'4 
Tvehave 



'|-^f(M ^(..)[ 



For s<^ the second of these terms i 
alwayfl greater than the first and, cone^-a 



quently, - 



is negative; but the inoi 



^^M ment (h is suppoaed positive, conse- 
^^1 qnientlf dp is negative, or the axis de- 


^^M creaees as s mcrea»eB, i.e., as we pass 


^^B from the siirface of the fluid. For -=ft 


^H this axis becomes =2", and the vertical 


^H axis Tanishes. That is, for particles of 
^M water at the bottom of the canal there is 


^^M only a motion of translation backwards 


^^M and forwards in lines of Iength=2«. Por 
^^1 particles at the surface of the fluid and 


^^r for k=l the horizontal axis is nearly 


=535.5a, or the ratio between the lengths 
of the horizontal aris at top and bottom 


of the fluid is nearly 267.7. 
^K Referring now to the values of u and 
^^m w near the surface, we have 


■ 


1 


■ 


„=_A.' »..?;[(„,+., ■ 


■ ' 


1 


1 


»=Af .to. ?f (.<+;,) ■ 


Differentiating these for t, squaring and ^H 
adding the results, and we obtain the ex- ^M 


presBion ^M 

L i 1 



-(J)' 



lin. 



?«)" 



The quantity on the left hand side of tMa I 
ecination gives the square of the veloe- 
ity of the fluid particle in its circiUar 
path; this, as we see from the second 
member of the equation, is independent 
of the time, and is directly proportion^ J 
to the radius of the circle; but the i-adinsj 

25 
depends upon the quantity ~ ; s for i1 

value, and this increases as e decreases- 
therefore, for particles near the surface 
of shallow water, we have the velocity x ' 
varies inversely as their depth. From ■ 
this it is evident that the watei- at the | 
top of the wave moves most rapidly for- " 
ward, while that at the bottom moves I 
most rapidly backwal^3. In the expi-es- I 

sion for a> discarding the terms i "■ 

have for the velocity of translation ofl 
particles near the sui'face of water ofj 
finite depth, or anywhere within the'| 
mass of a body of water of infinite deptbJ 



lubBtituting for (u its value of- and we 
ind for r the valne 

9 

rCoUing (' the time of oBcUlation of a 
) ..Biiuple pendalTun of length I, we have 



From the s 



6 of u we see that 



5 velocity of transmission of the wave 
varies as the square raot of the length. In 
all cases, indeed, tlie velocity is nearly as 
_ the square root of the length, for the 



wtor 



3ff, 



i nearly equal to imity. In the case of 
shallow water, the velocity dimin- 
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iehee coueidembly — as the quantity juat I 
written decreases rapidly with A — Tauish- | 
ing B8 ia obvious for h=o. 

So far we have confined ourselvee to I 
a single wave, that is, to a single value of ' 
tp satisfying the equation A'<p=o. But 
we have seen that if there are several 
valnes of qi each satiefying this equation, 
that collectively they satisfy the equation j 

In the case when the wave lengths are 
the same but the phases different, we cmi 
easily find the result of adding together ' 
the waves given by the functions (p, ^ 
. . . tpi. 

The value that we have already obtained . I 
for ep may be written ' 



ffU 



( a(h-z) ^s(h-z) 1 



Jl.G{wt + X + a^) 



■where it is to be understood that a=o a 
is merely introduced for future symme- ] 
try. Any other function qif wtiich satia- 1 
fies the equation ^*ip=o, may be written ! 
under the above conditions 



tpi^ — - 



/ff{A-=) ~a{h~.)\ 



And it is not difficult to see that a Hum- 
matioii of these functions will give us 

s™__AJ»{M -"(Ml,,, „ 



When 


H+a;+ W) 


and '"" 


j Satcos.ff (ai_i — at) 
k=j+l 

2aiBUl. ffai 


tan.'P= 




2aiC.06. (Taj 


or inyerselj 

1 -1 

W= ■ tan. 


J=o 


1=1 



If any of the quantities ffa, &c.,=ff or 
(2?n-l);r a change takes place in the 
ammnation. SuppoBO otn —n then tpi 
becomes ~qn and is subtracted instead of 
added to the other fuuctions; but if aa^ 




a, =(2» + l,5. 

That is if the difference of plmse is t 
odd multiple of hplf the wave length, thai 
corresponding wave function is to be 1 
subtracted instead of added to the others | 
in finding the resultant of the system. 

Suppose now that we have two wavi 
of the same length and amplitude, but of 1 
different phases and moving in opposite f 



directions ; 
■viously 



the ■ 



i functions are ob- i 



(■'(M 



a I (r(A-.) 



-"(Ml. 



. (T (a.( + a:) j 



adding we have 



o-(iJ 



{iu/ + a;)+ sin. ff {cut—x + a) I 
expanding the trigonometric factor and | 
redncing by aid of the relations 



we readily fiiid this expression to become 
la I (Gh-^) -a(h-!) 1 . 

(W.(+^)C0B. ff(^-g). 

) From this we obtain by differentiation 
the valnee of the displacements 

•in, df.M + l) 



I Dividing tile iirfit of these by the second 
'lave 

e — E 

ffUiie ratio is independent of the time, 
consequently ea«li particle moves in a 
straight line the inclination of which 
Tories with x and i. Since aiao yoi* ■«!&» 



is the same at any given point, no matter j 
what be the time, the wave is a standing I 

■wave or has no progressive motion. 

Hence if thei-e eiist in the liquid two I 
waves having; the same length and ampli* ] 
tticle but moving in o()posite directions 
the result is a single standing wave in 
which the particles move constantly in 
right lines whose inclinations to the axes ' 
vary with x and s. 

Reverting now to our values of m and ' 
w, suppose that u=o, that is, that there 
be no horizontal motion, this gives iia 

or »l+it='or"or&i±a? 
°' '*" 4 °' 4 " ■ 4 ■ 

That is, there is no horizontal motion at 
the nodes of the wave. The greatest 
horizontal motion evidently con'esponds 



or the greatest hoiizontul motion i 
the highest point of the crest and the 
loint of the trough of the wave — J 
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I trad erideiitlf the motionH at tliese points 
e in opposite directions — which we have 
Been before from other consideratioiiB. 

In liie manner by maJdiig 10=0 we find 

that at the top and bottom of the wave 

L there is no vertical m.otion. Also, that 

' the greatest veiiieal motion is at the 

nodes of the wave. 

Similar results are obtained by exam- 
ining the equations a. There is no 
horizontal motion at the points when 

= -t"^ -^bnt there is a maxjniiim of 
4 4 

I Tertical motion; also, there is no verticid 

motion at the jioints where ^—a = '^' "ni 

r ^ but there is the greatest horizontal 
[ motion. 

Airy Iiaa shown in his treatise on 

"Tides and Waves," that if the channel 
r is of variable depth or width, that waves 

of the natnre just described, that is, 
I waves caused by the simple oscillation of 
I the particles, could not exist by them- 
I selves, bat require for their existence the 
Lection of certain exterior forces into the 
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nature of -whicli it is not necesaary here 
to go. Without going into a mathemati- 
cal discusBion of the reflection of wavea, 
I will merely state that after impinging 
upon a wall the particles of the wava 
move up and down the siirface through & 
distance equal to twice their previous 
vertical displacement, and the same with 
particles at a difitance of half a wave 
length from the wall ; particles at a dis- 
tance from the wall of one quarter of a 
wave length, merely vibrate in a hori- 
zontal direction. When a series of waves 
enters shallow water the period remains 
the same, but the velocity and wave 
length tliminish; the front of the wave 
becomes steeper tlian the back, and con- 
tinues to become more and more abrupt 
until the top of the wave curls over the 
front and the wave breaks in surf on the 



CYLINDRICAI. WAVES. 

If we throw a pebble into a body of 
J water, or if we simply bring a sohd body 



in contact with the water at one point 
we know that a series of waves is gener- 
ated which are circular in form, concen- 
tric and having their center at the point 
where the chsturbance takes place. The 
waves thns generated are called cylindri- 
cal waves, and the line passing tlu-ough 
the center of these circles and normal to 

, the snrface of the fluid is called the wave- 
axis, and evidently is the geometrical 
aria of the concentric cylinders. 

In the case of such waves as this it is 
evidently not admissible to assume the 
displacement in any direction as equal to 
zero, there will clearly be motion in the 
direction of all these ases. Our axis of 
z will be assumed as having the sanie 
direction as in the foregoing section, and 
the axes of X and T wQl lie in the sur- 
face of the fluid at rest. Our equation 

I of continuity will have the genei-al form 

the ihsplacements being of coui-se given 

by 
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dq) dtp d<p 

dx ' dif dz 

The same remarks that were pi-evioualy J 
made concerning the form of <p will hold | 
here, the waves being supposed to ema- I 
nate from the wave axis, so we can write' J 
for {p the equation 

_±tJZ . , , sin l27r ^ 



fi^y 



~t\ 



when r as before denotes the periodio ] 
time. If the wave axis be taken as the 
axis of 2 we have, r denoting the distance 
from this axis to any point in a plane 
parallel to the plane of x y, 

and we may wi-ite tp in the form. 



<P= 



±az 



/w 



-' 



"We must now, as before, determine the J 
form of /. Substitute this value of ^^ io 1 
the equation of continuity, and it i 
easily found to reduce to the form 



d?^ 



rdr 



+ «'f=o 



Transforming this by the substitution 



e obtain a kuown form 



This is a particular case of the i 
general equation, 



efe* 



^^l^('-W= 



I of which a particular solution is the 
^ Bessel's function J„ (s) given by 

J»W= 



2»» 



2(2» + 2) "^ 2.4(2» + 2)(2»+4) 



2.t6(2» + 2)(2«+4) (2n + 6)^ ■■•■ f 
For our case 7i=o, and the function 
I J,(s) IB a particnlar solution, yiz. : 



2' "*" 2'.4" 2.'4.'6'" 

I This is easily obtained directly, calling 
^, the particidar solution sought assume 



SubHtituting in the differential eqiii 
tion, and we have 

0= a,r' + (« + 4",) + K + O".)* 

from whioh we have 



when i is of course any positiTe integral.'l 
This gives ua then for our particular s 
lution 



/.=J,W=« 1-, 



T.+«i 



Designate now by ¥,(«) the other par- ' 
ticiilar solution of the differential eqna- I 
tion, and for brevity write simply T, and 
J, ineteoil of Y„(s) and J„(«). Let now 
I denote a function of s, then it is well 
known that we can write 

Substituting this in the differential eqiu 
tion and it becomes 

/I ^dJ.y^2 trs^ 

V*" J, di! d6^ rfa' ~ 



^^^^B 


Dividing this by — ^ nnd integrating, ^H 


gi-ves ^M 
log. s + 21og. J, + log/-^=const. ^H 


or assTiming theconRt.=o, and pasBing ^H 


to exponentials ^M 


^L ^1 


W ^^f^:- ^^B 


^K.And, by substitution in tbe equation ^H 


H pving Y„, ■ 


^Utow from thfi value of J, it Ib clear that H 


^Bthe expanBion of -^ can only contaiu ^| 


B,«Ten powers of s and we can thus writ« ^| 


H J,=JJl + A«' + Bfl* + Cs'+ii 1 


Htonltiplying by ds and integrating givee^^H 



+ J.Hii+B- 



+ 0; 



s it Eiay b 



e written for brevity 
T.=J, log. jr+E. 
The qimntity E, is the product of two 
infinite series each of which contains only 
positive integral powers of s and, conse- 
quently, according to a principle in the 
theory of the Bessel's functions can bo de- 
veloped in a series of these functions 
and, moreover, as all the powers in J, | 
and the other fa^itor of E, ai-e even, only 1 
the even Bessel's functions will appearl 
in the development thua 

T,=J,log. s + aJ' + b3' + cJ' + .. 
The co-efficients a, b, c have to be determ- 

Take again the differential equation 
d'f Idf - 

and perform the operation 

da s as 
L on the quantity J, log. e and we find 



!*•■' 



-+1 J.log. 



2 AT, 

~', do' 



Bepresent tlie operator for brevitj by J, 
then this is • 

I We have now from the general differen- 
, tial equation affording Bessel's functions 



^J.= 



J.-,- 



according to a known relation connecting 
I these three consecutive functions. And 
so we have, finally 

2 
JJfllog. s= — J, 

L Now from the above value of Y, we have 
j JT,= J{J.log.5)+a^J, 

+ fii3J, + cJJ, + 

[ And by aid of the trnneformationa just 
L. given 



JY,= 



^{J, + J.)+--(.T. + J.) 



_-(J.+J,)x- 
Now Y, being a particular solution ( 
the differential equation ^/—o, we nmati 
liave JT,=Oj' thin enables us to find 

l>=—2c = Zd=—Aa—5ff=Sie = 

and by substitution 
Y,=J„ log. 3+«J„ 

The complete eohition of tbe difterential I 
equation ^f—o, \ 



da' 



»</. 



+/= 



is now given by 

/=AJ, + BY. 

or 

= (A+Blog.ii) J, + BE. 
It maybe verified without much diCSonlty J 
that the quantity £, is of the form 

1 + i, I 1 + Hi^ ,.| 
2'.4' '^ 2'.4'.6' '^"" 
The quantities J, and Y, expressed inl 

the form of definite integrals are — ^yide.l 
Boole's I>ifi^. Eqnas. 



E,— ioi — oTi.' 



1 rn 
J.=-/ cos (s sin &j) dda 

aud we have for/ by Babetitatioa 
/=- / cos (« mn w) (A+B log 

{A» coa* «) rf" 
or as thia may be written 

/= / COB (<8miH)(C + DIog(*COB'u')rf<" 



C=A±BJ2gli,D- 



B 



Before going on to the application of 
these resnltB to tiie problem in hand, we 
Trill investigate the change produced in 
the qoantitieB J, and Y, by allowing s to 
become very great 

Inetaad of / in the differential ec|ua- 
tion Af^Q write /^ this equation thus 
becomes 

and this for a very large is simply 



This eqiiatioii givea on integration 
A/s=acoBS + 6 sine 



/= 



VT 



when a and b are of course constants. 
."We have then obviously from this 
_ a cos 9-\- fi sin s 

*■- v^ 

from which we can see that for infinitely 1 
great values of s the functions ^J, and T, 
will vanish. 

Now by substituting for s its value of 
ar we can, by taking as the argument of 
the functions thus obtained the quantity 

__, or — -T- write /'in the form 




For convenience of reference hereafter 
I yte ehtill write this in the foi-m, 
/=AP{d) + -Bn{e). 
f' Substituting this value of /in the espres- 
ion for ^ we obtain, 

,= /'[AP (9) + BO(8)] I .in ^'l 



I. or expanding this and writing instead of 
I. A and B, the qnantities a^, i„ a^, 6„ a,, /3,, 



tp=Pmn^ 


(%:- 


Q 










.Peo4' 


Ur 


.v'l 


+flBin 


?£, 




-n 










+ncoA 


t.r 




This gives i 


8 for t 


> V, *o 


Ui« 


foUowing 


valnea; 












»= 


= {•■ 


4''(» 




""') 




L 




+ COB 


^V'U;. 


-n^ 
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V 




-iTz\ \ dn ^1 




^ ffs -az\ 


r)}J 


.{..?5, 


I az -az\ ^1 
2n- / sz -az\ 1 (^ ■ 


„.P.n ?!,.(„, 


az -oz\ 


1 


+ P 


'^'>L 




.a..V'»(./l.T) 


1 


+a 


e„» ??,.(,,, 


'-Ani 




for the fluid presBure ^M 


in the case of plane waves, and 


■ 


-H(t)' 


'P+ffz'-+ const. ^M 
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"Writing as before z— z, H 
that (7 and w are quantities of the first 
order of magnitude, and bo diBcai-ding 
terms containing aw or liigher ordere, 
■we have 



{..: 



2?r 



2t 
-hO ain — T 

f /2»\7 (Ts, -ff3\ / <T2^ -tr^Af 

In 

+/iC08 — / 

ibjlv^A^ 7+Hm-a^ )} 

I For particles on the mirface of the fluid 
I at rest we have, of course, z,=o and 
I P=P^- This gives us 
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' 


^ 


+Pc„.?5, {f5)-(,,^ 


'■,)+.9« 


(».».,} 1 


^^^-.| (¥)•:»,. 


A] 


1 




+ gs{l 


>,-.,)}■ 


.nco.?5,|(?5)>, 


,.M 


1 


+?ff(*,- 


..)=»■ 


In order that this may be satisfied we fl 


must have ob-riouBiy 




o . ■ 


«,-., a.-u, t-fi. 


s.-A 


^-7) 1 


.,+.. »,+., S,+A,= 


'i. + A 


="^ ■ 






■ 


«, «, », 


S, 


1 


",-V-A 


'"" A 


We can dow write 




■ 


^-p-v%;iv 


-) 


I 


+ c,<rP=os 


'^'(., 


?-.:nm 


«.--?f<(,fl„ 


r) 


1 


+ C,ff/2C08 


^•(aj-rij 









1 
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1 


etant. This value of (p may be written. ^H 
in the form | 


^^r-n 


'(/")) 




„ I 


[(«,p+<.,B),ii 


^"■<+(S,P + S,n)coe??l]^ 


from which we 


obtBm 




■ 


Mh-i) -a 
"=U + t 

.A, 




<2P ''-'^^ ■ 






Ua,r+!i,n)tm^i+(b,F+ b,a) 


o.^M| 


We have, howeTer, 

<IF dp d6 dP rf / ffV'\ 

ff'a! (TP 
~ 2 d(*' 
(.•oiiBequently, 


J 


_. 1 






_1 



•de' 

Klh-z) -„{h- 



l\V'<ie^ •del 

' , ,dn\ 2ir > 






From these equations we see that the 
path of the particle is always in a plane 

I passing throngh itBelf and the osis of z. 
The expression for p becomes now 
r 



P=p,. 






the 
^k«£foi 

■^ Tl 



£ + £ 

The Talues which have been obtained for 
the displaceiaents and the fluid pressure 

'orf the complete solution of the prob- 
under consideration. 

The results obtained are, however, very 
much modified in the cases where the 
partioles are removed to great distances 
fxam the asie. We have alretiAj aessQ. ttciRi 
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change produced in the ftmction/in sud 
a case, tiz., this quantity becomea 
a COB 5 + 6 Bin » 

' '7', 

or aince o" ia a conBtant 

Acos ffr+Bsin Br 



/= 



^fr 



"We might have bo tranaformed our firs^ 
obtained value of / that the infinite aeries 
thereiu contained should have proceed- 
ed according to aacending powers of -^ 

and thus obtained the same result; thie, 
however, would have been a difficult pro- 
ceBS. 

The qimntitieB P, and D. are now 
by the eqnatione, 

p= "J^, a = 5BL£r 

Substitntiiiig these in oiu value for <p anA 
we have, 

** Vri^ + f i 

■j (a, sin ffr+a, cosffr) sin * 
+ (o, Bin ffr+o,ooB or) cob — { hJ 



^K'for the simpleet case of 
^rmake «,=i,=o and «,=i,= 


wavef we can ^| 




l-(V-"^ 1 


H Differentiating this for r gives at, tlie ^1 
^B this by 7 and we have "''-".''l^H 






P{,r«c.^,+,r)+.|..i 


"(t--)} _ 




also ■ 


„=_^_/ff(^-^) jo-(M) 


sin/— f+crrl H 


^H The expression for p 
^^"^er making the proper 
mid reductions, 


also becomes, ^| 
snbstitations ^| 

1 


as. 




ffae — 


■ 


J>=P.+PS^, + ^Pffr^ ah 


-sh ' ^M 


L ^ + « H 


■ ..(^..^^J 




Inta-oJueyig now the wave length I 
have f(>r.'ffreat values of r 

■-.':■ 1 1^ 

.'■^d'also for a &iai approximation, 

:;■■'•' _j. 1^ _i_ 

we have, as before, a=—j-, and I — t 
Thns g) becomes now. 






"V, 



with as before, 



I ' 



ah -ah 



t/^nah -a 



■which for great depths or for pattiolt 
near the surface becomes, 






The same deductions are to be 
here as in tlie case oi pAaaib ^ra.'^eB, 
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that for particles any where withiu 
the maes of a fluid of infinite deptli or 
near the surface of a mass of finite depth 
the velocity varies as the square root of 
the wave length. Write now aa= — a 
and collect all of our expreseions; 

e + e 



^(Mi 



2t, 



?(— ) 



a (2ir,, . 2»- ) 







We S6G from tbese expressions that tlu 

amplitudes of cylindrical wavef 

only from those of plane waTSs by the 

factor — = — Qp in cylindrical waves the 

amphtudes varies inversely as Vr — and 
for particles very remote from the axis 
the amplitudes will vanish; whereas in 
the case of plane waves we saw that tfa^^ 
amplitudes were always the same for thdf 
same depth. 

From the expressions for the displace^l 
menta we have as before 



(Stt 



{/^) ?f (M 



j{h^) -ih^) 



Now if A be finite we have as before for 
particles within the maeB of the fluid — 
except near the Biii-face — ^that they moTe 
in ellipees whose plane is vertical and 
passing through the wave axis, and 
whose transverse axis is in the direction 
of r. Also the axes of the ellipse de- 
crease as r, increases and for particles in- 
finitely remote from the wave axxB they 
■vanish, or these particles are at rest. 
I The axes also, as in the case of plane 
continuously deereafie as z in- 
and for z=h the transverse axis 



2a 



and the vertical e 



I ishes as it should do. 

[ z be very small as compared with li, 
I the equation of our ellipse becomes 



I is the equation of a circle whose 



A,' 

That ie, for particles near the surface of 
a masB of fluid of finite depth, or for 
particles any where within the mass of a 
fluid of infinite depth, the motion is in a 
circle. It in shown as iu the case of 
plane waves that this circular motion is 
uniform. In fact, all the reeults that we 
have obtained for plane waves are trans- 
ferable into the coiTesponding results for 
cylindrical waves by merely multiplying 
by the factor — ^i^- 

Suppose now that we have a series of 
n waves of the eame wave length and 
amplitude but of different phases, start- 
ing from the same axis ; let these waves 
be defined in the same manner as in the 
case of plane waves and we shall have foj 
the resultant wave fuuetion 

"Vr. 



when, 



sin a{a> t + r 



' "Kh-X 
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and 



t=n 



lf^=i tan f=i 



^Uj cos (To^ 

j=0 

If the wave lengths are the same, but the 
amplitudes different by reason of differ- 
ent initial values of r^, the change in the 
form of these quantities is very slight ; 
they become 

^ /a — a\ 



and 



<=n 



_;^ 2 — = sm (Toi 



,=n 



2— p. COS (Ta^ 

Suppose now that we have two waves of 
the same wave lengths and amplitudes, 
but of different phases and going in 
opposite directions. The resultant wave 
function will be 





.m,(w+i; 


)eo..(. 


-i) 


wliich con-esponds 
DifEerentiatiiig for 
the displacement of 


to a etandiug wave. 
r and s we have fori 
T] and w. 


2.1 


1 B + e 


a{h~z) 1 


»m(r(«l+^ 








ein.(r. 


4 



i«-(M -»(/")\ 



siu ff(i"( + |j I cos (t(? 

The ratio — is independent of (, ancfl 
we make the same dediiction as before, 1 
that the particles move in right lines 1 
whose inclinations to the axes vary withj 
z and r. 

Suppose that we have a series of par-i 
allel wave aaes, and that waves proceedl 
from them having the same length and ff 
equal amplitudes but di£ferent phases. I 
Jjet the ivave functions be given as 
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sin a{(at + r(®> + a.) 
^. /(r(A-^) -(r(A-5)\ 

sin <r((»^+r^^^+«n) 
adding these we have 

sin a{Got + r" + aJ sin <r((»« + r<^) + «,) 



{ 



• • • • i" 



7w ' A/r <i) 

sin (r( 6?^ +/•("> +q^t) ( 

from which 

„='ia, |«^(A-) -<^(Ml 



{ 



sin cf{Got-\-H^) + a>i 



sin €r{G0t-\-7<'^) + an)\ 
• • • • 4" . r 

The waves may evidently so move that 
at certain points the vex^ieieX ^^-^^iswifc- 
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ments shall be equal to zero. We can 
determine these points by placing the 
trigonometric factor of w equal to zero; 
thus 

sin <r (wt + r(®) + ^o) Bin cr {wt+r^^^ + a^) 

sin o'(w«H-r<~> + an) 

+ . . . . . — = o 

• * 

This expression can be divided into two 

parts, one of which shall have for a 

factor sin (f go t, and the other cos (T gj t 

j cos (T (rW + «„) 



sin (T GO t 



+ 



COS c (r(i)4-a,) 



cos (T (r W + gyt) ) 



I • • • • 



\ 



, , sin (T (r(<») + a„) 
+ cos(rw^-^ ^ '^^ 



sin (T (r(^> + a, 
sin a'(rK + an) ) 

-f 7== ^ f =^ 



Equate separately to zero the factors 



I 
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mnltJpljTiig sin O m i and cob (T u> ^ I 
square aud add the reeiiltiug equationB ' 
and we have after some easy reductionB, 

For the simple case of n=2 or two waTe| 
B we have since a^—o 



cos a (r"'^-r''^^-a)~o 



r W this becomes 



If now -ffQ,=^{2« + l)7r this equatioi 
wiil be Batlsfied, i.e., if 



= T(2» + 1) 



Therefore if the difference of phase is an 
odd multiple of half the wave length the 
yertical displacement is zero — but only 
for the points for which r,'**i=7-,<". The J 
points defined by the equation 

lie on a piano which from its relation tO ] 
the waves may be called tlie plane 
Bymmetry. We will now esflamafe a.\^ 



ski ifim4^r) 



^=- 



irntiiig: for eomnenieiire. r" for r^ L He 

hare also 

_ 4/^ 4lr dqi dr' 

dr dx^ dr dx 

_d4p d r dip dr 
drdy dx dy 

when r^=2?^i/' and r^= (ac--2<i)«+y*. 

Now since 

<ra,= ±(2ii + l)a^ 

we wiD haye for r=r' 

d(p d<p' 
l?^'"d?' 

At the plane of symmetry n=:a so that 

^--/^\ d— -— • 
(/«"" W /' dy ~dy 

Th or of ore for r=r' we have 



dx dx' 

That ia, at the plane of Bymnietry the 1 
Replacement perpendicular to it is twice I 
as great as that due to either wave &( 
separately, and the displacements pai-al- 
lel to this plane and the vertical displace- 
ments are equal to zero. Suppose now, 
farther, that a^=o: then we liave for | 



therefore, 



_g d(p dr _^ d(p 






Prom which we have — -if there 
difference of phase between the waves 
from the parallel axes — at the plant 
symmetry there is no displacement in 
the direction of the asis of X, i. e. in I" 
direction perpendicular to this plai 
also that the displacement parallel to the 
plane and the vei-tical displacement are 
twice as gi-eat as they would Ije if there 
was but one wave. 

The reader who is interested i 



lie if there j^H 
ted in thtt^l 
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subject of wave motion ■will do well tol 
read an article on the subject by Lord I 
Bayleigb in the April number of the I 
J'hiloso}>hieal Magazine for 1876. 
article in the September number of the I 
same publication for 1878, though not I 
bearing directly upon the subject, will I 
also be found to contain much that is I 
of value and interest; the article referred I 
to is entitled " Hydro dynamic Problems | 
in reference to the Theory of Ocean 
Currents," by M. Zoppritz. The mathe- 
matical theory of wave motion remai 
pretty much aa Airy left it when he coi 
pleted his work on the subject — so i 
better reference can be given than to I 
that work — ^for any one wishing to ac- | 
quire a thorough knowledge of the siib- 

g 5. 

FREE VORTEX MOTION. 

We have ah-eady seen under what cir- 1 
cnmstances it is impossible for rotation^ i 
motion to exist in a fluid mass. If the I 
£md m its initial condition has irrota- J 
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tional motion — or, if it be at test, anct^ 
motion is uidnced by a syBt«m 
BerTstive forces, then the motion will 
always be irrotational ; i. e., if the quan- 
tity 

uetx+vdy+wdg 

is at any time an exact differential it mil J 
always be one. The conditions for i 
quantity being an exact differential are ^ 
dio do du dw 



ds" 



' dz dx 



equal to zero, but that we have 




^=^( 




-©■ 


^ 


1 


&"- 


-3. 


i 


1 

'~2 


(s- 


-!)■ 



The quantiiiea £, r} and Z,, as is well 
inown, denote the components of angu- 
lar Telocity around the axes of a', y and 
2, respectively, of a particle whose ve- 
locities parallel to these ases are u, v, vs. 
That these quantitiee s\io\iia.\)».-se, wistfu«i% 



\ definite valueB different from zero ia, of 
course, the condition that vortes, or rota- 
tional motion exiet in the liquid. These 
values of £, rj and S., pre-snppoee that 
we know the values of u, v and ic. A 
problem that now immediately jiresentB 
itself for solution is to find the values of 
u, and w, supposing $, r) and B, to be 

Assume three functions U, V and W 
such that 

rfW (TV, 

dy ~ ds 

dz~ dx 
_dV dV 
~ dx~~ dt/' 
The quantities «, v and w must satisfy 
the eqnation 

du dv du} 

■ It ia found without difficulty that thia 
equation will only be satisfied by the 
above values of ii, v and w if the follow- 
ing condition B hold, 



'" df + <(>■ 



-2,, 



dV_ dV <iW_ 

tic rfy ds ~ ' 
The integrals of the first three of these J 
equations are well known to be given by; 



\fff. 



S'dx'dy'dz' 



W= 



rfdx'dy'dz' 
V{«'-*)" + {y'-y)'+ («'-!)• '^ 

Z'dx'dy'dz' .— 

where x','y,z' are the co-orfinates of any 1 
other point in the vortex element, and 4 
£,' >/,' C are the angular Telocitiea at thiaj 
pomt; the denominator, 



2,r*/ J J . 



I 
I 
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denotes the distance between this point 
and the aaBumed point to whicli the U,V, 
W refer. Before going farther it will be 
convenient to give two of Helniholtz's 
definitions. The line passing thi'ough 
any point and coinciding at all tames in 
direction with the instantaneous axis of 
rotation of that point is called a, vortex 
line. If we consider a nnnaber of vortex 
lines passing through every point in the 
perimeter of an infinitely small surface, 
they will cut from the rest of the flmd a 
filament which is called a vortex Jilament, 
or a vortex filament is an infinitely small 
filament of the fluid whose bounding sur- 
face is made up of vortex lines. 

Now, in otir equations giving XI, V, W, 
the points x, y, z and x' y', z' are sap- 
id to lie on the same vortex filament i 
we can represent an element of this fila- 
by dT, then oiu- equations become, 

"-iiJ r ' 

'~1.r,J r ' 



I 



we can : 
^L ment by 



TF: 



=hr 



■where the integrations are of course ei-J 
tended over all the spiice which i. 
posed to be filled with voi-tex filamentB-J 
Now to examine tha condition 
rfU rfV <^ _ 
dx + dy + da ~'^' 
By differentiation we have 
(f "0 1 /* /■ /' jx-x) S'dx'dy'dz' J 



rfV 1 f r f Cv -y') V' dx'dy'dz' 

dy ~~2nJ J J r* 

rfW_ 1 p p p {z-z')K.'dx'dy'd% ' 

Integi-ating by parts we have, 

'dx~~^J J T 

'dy~~'tnJ J r 



dz - 



Uff\%'' 



1 p pVdx' dy' 

+Lfff 



IdS' , 
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Now fdnce 

dB dfj dZ_ 

dT^ dy'^ dz -^ 
tlircmghont the entire nuiss of the And 
we hare 

dJC d\ d^_ 1 < J* ^ Sdy'dgT 

This can readily be changed into a sur- 
face integral If d(f denote an dement 
of the surface of the Tortex filanwTit and 
cos a. cos ^. cos 1% denote the directioii 
cosines of the oatwaid normal to tins 
surface, we hare 

dx'dy'=d<f cos y\ dx'ds'=d(yccs fty 
dy 'ds' = dff cos 4 : 
thej>?fore our intetgrai becomes 

T- / - ^'^cosd-f rr*cO(sd+C'co6i'1<^<r 

taken OTer the entire sur£ftce Now from 
the e^)uatii>u 

dC: d*f rfr 



dx ^ d^ ^ tis -'' 



ir^haT^alao 






121 

by integrataon this becomeB 

or ae a surface integral, 

/($ cos a + tf coa ff + X cos y)cl(T=o 
conseqnemtly 

dx ^ dy'^ dz -"■ 
Snbstitiitiiig; now the obtained values of | 

TJ,V,W, in the equations M=-j — -5-&C.. . 

and we obtain for «, v, w, the following 
valnea: 

— •:'{x-x')~\dxdy'di! 

S'[y—y')']dx'dy'dz' 
or, as tjiese may be expresBed, 
1 /•/,* *\, 



itf 



/(4- 



dT 



Bepreeenting each of these differentu 
expreasions by «', v', w' respectiTely w 
see that )(', v', w' are the incrementB c 
M, jj, io, which correspond to the element 
dx dy dz of the vortex filament. Writ- 
ing for conTemence of reference the i 
equations 



"'"anrdy '' dz. 



~2nV'd!! ' dxl 
_dT( dt ^d\\ 



we see that they give rise to the equatioH'l 

Su' + 7}u' + 'w = 0. 
This shows that, considering u', v', w' a^'l 
the components of a certain new velocity, j 
the direction of the resultant 

of these components is at right angles I 
angles to the direction of the axis of ro> J 
iation oi the element dr. Again, wftj 



,* 



+'"■ s= 



I 



and the directdoD of this resultant is aleo j 
at right angles to the line r joining the 1 
element dr to any other. Thus we see 
that each rotating element of the floid 
mnes implieB in every other element a 
velocity ■whose direction is at right 
angles at the same time to the axis of ro- 
tation of the first and to the line joining 
the two elements —i.e., at right angles to 
the plane containing the second element 
and the axis of rotation of the first. It 
is easily shown that 

sin 3 



- V^' + '/' + C" 



when S denotes the angle between r and 
the axis of rotation. From this equation 
we see that the magnitude of this induced 

I velocity is directly proportional to the 
volrane of the first element, its angtilar I 
velocity and the sine of the angle between ' 
the line joining the two elements and 
the axis of rotation; and also inversely 
proportional to the squai-eof the distance 
between the elements. T>e^<j\« ftv* «&fj 



gnlatr veQoeities at the time t=o by S'^, 
, then the last equations of chaptei 



'du 'db ° 



-'da^'''db^ 



'dc 



ff, ft, c being the co-ordinates of an I 
arbitrary pailicle we have for the co- J 
ordinatea of another situated indefinitely 1 
near this a^-da, b-\-db, c-\-dc, and aiij 
the time ( the co-ordinates will be x,y,2f\ 
x + dj:,y-\-dy, z + ofs; now suppose thatl 
at t-^o we have 

da_db_dc 

that is da, db, cd proportional to tha I 
initial angular velocities— and suppose | 
further that the direction of this inde&> I 
nitely small line coincides with that of I 
the axia of rotation. Call tlie common I 
value of these ratios f, ( being an ii 
nitelj small quantity, independent of tha J 
tuae; then we have 



Siibstitutmg 
eqiiatioDB, and 



d3-_dy_ds 



ooneequently tlie directioD of the line 
joining the iDdefinitely near elements 
will at all times coincide with tlie direc- 
tion of the axis of rotation. This com- 
biaed with our definition of a vortex line 
B that every particle of fluid that 
liea on a voiies line at any instant will 
always remain there. If we call w the 
resnltant angular velocity we have 

or the angular velocity so varies as to re- 
a always proportional to the distance 
between the two particles. We have i 
along supposed the density of the lluid j 
equal to unity. Itenjembering now o 
definition of a vortex filament, ' 
that any vortex filament must remaia 1 
I composed of the same fluid jjartioles. T 



Calling now k the croHB eection of anyl 
fllamentand I an indefinitely small lengl 
of the filament, that iR 

■we have *i=oonst.; but /is proportional 
to I", therefore <uA=oonBt. or the product 
of the angular velocity of an infinitely 
small portion of any filament into its J 
oroBB section is a conBtimt. Call now A,, j 
Jt, the cross sectionn of & filament at pointa.l 
whose angular velocities are given by « 
III-, and let (It denote saa element of t 



/dr 



idS d>i 

,dx + dy-^ 

■ -/dais 



d;\ 






Now from the values of S, t}, Z, we t 
that the factor of dr in the left 1 
integral i8=o; 

•./dam cos (mn)=o 
But at the ends of the portion of thel 
roriex Slamftnt that we me coQHiderinAfl 



we liave cob [iiin) = ^ 1, and for all other 
points COB (iu/i)=o, and consequfutly our 
integral is equivalent to 

'",*,- -"A =<■ 
or the produRt of the angular velocity 
and the cross sectioa in a, constant 
throughout the vortex lament. Ak 
each rotating element of the fliiidhi uupliea 
rotation in every other element, we have 
that all the partides of fluid must be in 
motion, and consequently from the defin- 
ition of vorte:^ lines we see that these 
lines and consequently the vortex fila- 
ments cannot tei-minate within the fluid, 
but must either teiminate in its surface 
or must return into themselves; the 
former of these casee is illustrated by 
the vorticee formed in running water, 
and the latter by smoke migs. 
If in the expression 

dx + "rfy 

d{vV-uTil 

^ dz i 

we Bubstitnte for ii, v and w their values 
in tenua of tlie derivalivus oS Mi's ,Ns ,N*fe 



///"■ 
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find that this is equal to zero, and from 
it we obtain the striking equation 

<' \ \dy "^ dz I \dz ^ dx) 

\dx dyli 

(dv du\ ") 



or 



^dr {ie + v* + v}')-2j'J'J'dr 

But we may write for U, V, W the values 

._J. /'S'dr' 
~1nJ ' 



U: 






r 

Ti'dr^ 

r 

Z'dr' 



. : fdr (i«' + 1(' + w') = - /— ' 

J3nt the expression for the energy of the 
£iud 18 



and by ratue of tlie above we have 

We can now take up the simpleat case of 
vortex motion viz., that in which the mo- 
tion is parallel to one plane. If we as- 
siune this plane aa .ry and fnilJjei' make 
the motion independent of z we have the 
I an^rrUar velocities around \r, and y, and 
■ £he velocity in direction of z equal to 




L vrhen da is an element of the plane xy. 

I Of course as C is independent of 2 we 

wght h&ve obtained IMb \)^ m^.&^n&sa. 



130 



the dietano^^l 



from our general value of 
given. Here /< repreeentB the t 
of the element da in the plane xy from 
any other point in that plane. Each 
vortex filament implies in any other par- 
ticle of the fluid a velocity wlioae com- 
ponents are, 

1 trfff dp , 1 C(f(T do 

— —: -r '"I'l -■ — --■ -r 
TT p (ly n p dit 

and whose magnitude is 

1 Zda 

n p 
The direction of this velocity is given b 
the cosines 

_^ ^ 
dy" dx 
and of the line /> by 

T.^ dy 

or the dii'ection of the velocity is at rigid 
angles to p. Assiuue two quantities SB^fl 
y^, which define by the equations 
x^/^da=/7^'.dff, 
yj''da=fy':d(s. 
Now it we regard ; aa tke density of I 



B distributed over the element da of 
the plane j-y we see that a:,, >/^ will r 
resent the co-ordinates of the center of 
gravity of this mass. How I, the length 
of an indefinitely small portion of our 
vortex filament cannot alter, consequently 
by virtue of the equation i;=conBtant, 
& or da cannot vary with the time and 
by virtue of Aiu=constant, m or C cannot 
vary with respect to the time; conse- 
quently, we have, hy differentiating with _ 
. reference to t 

Substituting 

rfa:_ _ 1 pX.'da' y~y' 

dt ~ nJ p ' p' 

dy_ _1 r t'da' x—x' 

we have 
■^lf^da=~^ffpfi'dada'l 
^A'^"- \/ f 99'dada'''- 



The double integrals are=o therefore 



I' the oeater of gravity of the filameB 
does not change with the time. In the 



case of only one Tortex filament let iie 
write 

for particlea as at finite distance fi 
the filament we have 

-jilog 



ay 



dx 



,w=- 






for particles indefinitely near the 
ment we see that W, u, v, are infinite an3 
depend upon the cross section of the fila^ 
m.eiit and the angnlar velocity p. We 
also know that at the center of gravity of 
the lilament w and v=-o. Each particle of 
fluid that ia at a finite distance from the 
filament we see has a uniform velocity of 

~ and moves in a circle whose center is 

Ttp 

the center of gravity of the vortex fila- 
ment. Suppose we now assume a number 
of filaments whose cross section is indefi- 
nitely small. "Write in general 



and let xt yi denote the co-ordinates of 
the centers of gravity of the filameutfl at 
the time ( and a their distauces from 
the point {xy). Then for all points at 
finite distances from the filaments we 
have as before 

ay dx n • "'• 

ITow each filament inducing a certain 
mount of motion in every other particle 
of the fluid induces motion in the centers 
of gravity of every other filament, there- 
fore the filaments change theii' places in 
the fluid. But here, ae before, that por- 
tion of H, u which each vortex filament 
KiTee to its own center of gi'avity i« =('. 
ippose that the point from which the 
^ are measured is one of the centers of 
ravity, for example x y. This will ma- 
dly simplify the investigation by con- 
ing U8 exclusively to the influence of 
e aystem of vortices upon its thfl'erent 
mbers and as this point .r, y, is au ur- 
y point no generality is lost. We 



' %. 



('", log P 
r briefly 



^,+ ...m(\ogpii 



= — - 2 nulog pu, 
V aastune a function C 



I logp 



rfi, rfQ ,(?«, rfQ 



' (ft ~ rfy, ' 



' dt ~ 



aq , 



rfQ 



' (ft (far/ ' dt rfy,' 

A complete system of integrals cannot be 
in general obtained, but by observing one 
pecmliarity of Q we can obtain two intOH 

gralB— _^ , fl 

p ,-j= -J{xi - Xf y -1- [pt -yif m 
If we increase «(, a-j, or yi, yj, by the same 
quantity, pij will be unaltered ; tliia gires 



i — — =0, i -J- =o 



u which 



dXi 



Swi Xi = const. 

2mi j/i = const. 
or the center of grayity of the system of 
vortes filaments is nnaltered. Again 



(dx, , di/i , 



^^ (fl5=o, "■ Q=conBt. 

the equfltiou of the hnes of flow of the 
flnid. Introduce now po!ar co-ordinates, 

ta:,^P,co8^, a;,=p,coBS,+ .... 
y,=P, Bins, j<.,=p, sinS.+ .... 
hsTe by these substitutions 
■ 



dp, _ (/Q 



. </Q 



ft ds; '" 


A -<e = 


55, 




'3, rfQ 
5 — *,■ 


e/S. 


=- 






aUtta S'l 


,Vs 


1 
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quantity, Q will evidently remain unal-J 
tered and we have the equation, 

The first row now gives by addition 

or 2mi pi *=coiist. 

Now let us siippoBe d to i-emain 
changed but p to become jip, then log p i 
becomes log /i+log n, and log pi/ be- J 
comes log /"^ 1 + log n, and in conB6--J 
quence Q will be increased by 

[tn,m, log n -f m,m, log n + m,m,logni 

+ mj nj log n+jl 

or 

log n 2 rrii mj 

and consequently we have 

^ rfQ _ 1 V „ ™ 



^f*7i 
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Butv 



rfS, 



e have also 

Snbetitutmg this value gives 
2 m, pU^i = ~ 



'.- m} 



AeBume now the case of only these 
Tortes filaments existing in the fluid. 

The equations i^mt^, = const. ; and 
^^iVi = const become 

m,p,co8S, + ?M,p,coB5, + 7w,/3,cosS,— 0, 

ni^yO,BinS, + m,jO,8iii3,+m.,/3,HinS,— C, 
Multiply the firet equation by cos 5, the 
second by sm S and add, 
m,p, + m,p,co8(S-,— S,) + mj3.eo8(S,-,S) 

=C,cos9,-|-C,siiiS, 
Again multiply the first by sin S, and the 
second by cos S, and add 
!«^.siii(S,-S,) + m^,aiii(S,— S,) 

=C,coapj— C,sin5, 
Again, 



Q=— ^[m 



■"',m,log;0„ + ]=coi: 



m,p,' + m^p*-Vv\(il 
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Through these four equations v 
express any four of the quantities p^,p,,p^ 
S,— S„ »,— 5, in terms of the fifth ; foi 
example />, ; then the equations 

' ' ' flp. 
and 



^{inipiil^i 



fit i 



- lm(mj 



will enable us to express S, and ( as fnno- 1 
tions of p, and afford a complete solilr \ 
tion of the problem. 

AsBiune now only two vortioea, and I 
take the origin of co-ordinates at their ■] 
common center of gravity. This poini.J 
does not move, and we have 



dt 



dt 



Q in this case becomes 

»i,m, log (y3,-l-/jJ=con8t. 

and also 

2rrnf^=mipi + nupi =con8t. 
from these two equations we obtain 
/3,=con8t., |0,=conBt. 
A^ain the equation 



les 

~ dt ~ tt' m,p*+m^p' 

[ the direction of rotation of both 
rtex fiJamente is the same W!,iii, [which 
vpend on 5, and ^J have the same sign. 
tat suppose »n,^ — »?,, then 
rf5, 1 m, 
di ~ n p'—p' 
But we have now for the center of 
gravity 



y= m'-»i. 
or the center of gravity of the two fila- 
ments lies at infinity. Their velocities = 
(heir angular velocity x by the distance 
from the center of gi'avity diifer from. 
each other by an infinitely email quantity 
and can he espresBcd by 



but by oar preceding eqoatioQ giving tl 



2nr p^—p, 
the direction of the motion is, o 
perpendicular to the line giving the cen- 
ters of gravity of the two filaments. The 
particles of fluid lying between the fila^ 
ments move forwards in the same direc- 
tion as do the filamentB, the one-half way 
between them moving fonr times as fast. 
Let ue anppoee that the vortex filaments 
at the beginning of the motion lie on the 
axis of X at equal distances from the 
origin, then the particle above referred 
to will lie at the origin. Also write 

— '=a the absolnte distance of each 

z 

filament from the origin. We have then 

for the co-ordinates of the filaments at 

the time ( (i/, y') and, by virtue of what 

has been said the co-ordinates of the 

parHcle originally at the origin will be 



Ki(0,iy'). The eqiiatione of the lines join- 
g these two pointB are 



o, %', 1 
±a, y\ 1 I 
Pieintersectioiis of these li 
» giyen by 



is with y=o 



i:=±-3-or3!=±J(^,-/),) 

rat VA, the hues joining the particle Imlf 
way between the filaments with the cen- 
ters of gravity of the same pass through 
fixed points on the line joining the origi- 
nal positions of the centers of gravity of 
the filaments. The points lie outBido of 
the original positions of these centers of 
gravity and at an absolute distaaice from 

them=J(p,-p,)=}, fc^'. 

The particles of fluid that lie in the 
plane bisects at right angles the line join- 
ing the two vortex filaments will remain 
in this plane. If this plane be considered 
as a fixed boiuidary, we have by con- 
sidering one of the filaments the case of 
ft filament momig paTBiXA \.q «. ^xsSl 



Ltent of thefl 



plane ■whieli limitB the extent 
fluid. 

Let UH now assume that the Tortex 
filaments are ao arranged as to form the 
continuons surface of an elliptic cylinder 
of finite cross section, and furthejj 
asBume 8, as constant for every point of j 
this cross section. As the same particles J 
of fluid constantly remain in any vorteij 
filament, the boimding ellipse of ^wM 
cross section of the fluid will always be " 
composed of the same fluid particles. 
The equation of this line will be a func- 
tion of X, y and f, and may be written 
for the moment as 







/(',T. 


t)=o. 


Then 


by virtue of 


the above 


generally 








f- 


d/dn 


dy dt 


or 










f- 


4 + 
fix 




But, 


w= 


dW 
dy' 





I 
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therefore this equation becomes 

dt dy dx dx dy 
Now the general equation of our ellipse 
is 

f=ax'+^liixy + yy'-l 
when a, fi,y are ftmctione of (. Aeaiuae 
another system of co-ordinates coinciding 
with the axes of the ellipse and also pass- 
ing through its center ; then 

a:'=zcoB B-'r-y sin B 
y'=—x sin 0+y cos 9. 
Call a and 6 the semi-asea of the ellipse 
then we have for its equation, 



Bubstituting for x', y', then- values as 
given in terms of x and y, and this 



JC^Lf! 



,AVo8'S4-a' 



+y- 



, ft'sin'S -h (^Vor'S 
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and we obtain, 

a»ft«^=(6'-a*)cos^BinJ^ 
a^hy = ft'sin'^ + a'cos»5 

In these a and b are constant, but a, y^, 
y^ ^ are functions of t Now W satisfies 
the equation 

dx' '^ dt/*" ^ 

for all points in the interior of the ellipse, 
and its value is obtained by integration 
of the equation 



00^^ a-a y. 






,d\ 



«K^^^^^6 + ^)-^^(^'" + «^'') 



The integral of this is 

2 

or, since we only use the deriyatiyes of 
W, we may write it, 

for all interior points, and for points at 
the boundary. If now we write for 
brevity. 
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A=ftcos"S'+asin'S' 

B=(ft— a) cos S^ sin S^ 

r=isin'S^ + acos«S^ 
we have 

Let US examine again the condition that 
we obtained for the bounding line of the 
cross section of the cylinder, viz : 

df dfd^ ^dfd^_ 
dt dx dy dy dx '^ 
we have 

df da ^ ^ dp dS^ , 

di^W^^-^t'^^dt^ 

dx dy ^ ^^^ ^^ a-i-b 

Equating to zero the co-efficients of x' xy, 
and y* separately we have 

(0+6) ^=45(/Jr-;/B). 



If ^ cannot be determined ae sach ^H 


fcmctaon ottasto satisfy these eqnatio^H 


then vnH oiir eqnatton of condition ^H 


df d/dW d/dW_ ^M 
dt'^dxdij dy dx ~° ^| 


hold for all points in the cross sectit^H 


Forming the derivatiTes of a, y3, y wi^H 


respect to ( and transforming them by 


reference to the values of A, B, 7^ we 


find that the function of ( sought is given 


by the equation h 


dB ab H 

dt 2^(a + 6)' % 


We have thus the value of the angolar 


velocity with which the cylinder rotates 


around its axis. The rotation of the 


cylinder also induces relative motions 


among the component vortex filaments. 


These are obtained by regarding x' and 


y' as functions of t. We have by differeo^H 


tiation ,fl 


dx' ,d^dy' , d%' '^1 
lit~'^ dt dt~ "^ dt ■ 


and the other components of the velQ^^| 


ties in the directions of x' and y' are ^^| 
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rfW cTN 

dy'' dx! 

Therefore we have by combining these 

d^ _m ,d^ 

dt "■ dy' ^ dt 
d/ __dW _ , dSr 

dt ~" dx^ dt 

Now, 

dW_ 2aS , ^^^_ ?£*?' 



and 



Therefore 



^^5=2- ^* 



c?«^"" (a+5)'. 



Diflferentiate each of these for t and with 

ia+by 

and we have after integration of the 
resulting well-known powers 

x'=alcoQ {6t-\-i) 
y'=b I cos (dt + i) 

when I and i are the constants of inte- 
gration and determine the particle r' 
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fluid to which x* y' have reference. p> 
1 because then for the cases when 
cos {dt-\-i)^l we should have »'> a 
which cannot be, .-. ? is a proper frac- 
tion. 6 of course denotes the angular 
velocity of the cylinder, or 

from which d=:6t. 

Solving the equations 

x=x cos S" -\- y sin S^ 
y'=— ajsin S' + y cos S^ 

for X and y gives 

x=x^ cos 5 — y' sin S' 
y=x^ sin S' + y' cos S' 

Substituting for aj', y' and S^ their values 
these become 

x=al cos {dt+i) cos 0^ 

-bl Bin (dt-\-i) Qmdt 

y=zal cos {dt-\-i) sin dt 

+ ^^ sin (0^ + i) cos 0^ 

by expanding the quantities cos sin 
(dt-^-i) and collecting the terms these 
equations may be written 



Ii9 

«= ^ / COS (2^+ 1) +^^ cos t 

y= ^ /8m(2w-!-i) 5— /Bint 

by differentuiiioD with respeet to f we 
obtain 

^=-(a+ft)W sin (26^^+0 

^= (a +6)6^/006 mt + 1) 
from which 




and also, 

(-r)"'- 

From these equations we see that each 
Yortex filament mores in a circle with 
uniform angular Telocity, the time of ro- 

tation being evidently 2^; and that the 

position of the center and the radins of 
the circle varies for different filaments. 
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Suppose one of the semi-axes a or d to be 
infinitely greater tlmn the other ; this 
gives 6=0, and conaequeutly S=:<; 
the straight line which has become th» 
hmiting case uf ttie ellipse does nob 
rotate. If a=b our elhpse becom 

circle, and we have 0= ^ -, in this cas* 

there is no change of the relative pod- 
tiona of the vortex filaments, but they 
all rotate around the common central 
axis with angnlar velocity S- 

The next case of vortex motion thai'' 
we shaU consider is that iu which the 
vortex lines are circles having their cen- 
ters in the axis of z. The direction of 
the axis of rotation of each fluid particle 
vdll lie in a plane at right angles to s and 
be parallel to the tangent to the vortei 
line at that point. .The reader will do 
well to ohserve the motion of a ring of 
tobacco smoke; he will see that the ring 
eeems to be turning inside out, each 
particle moving in a plane passing 
through the axis of the ring and revol-i^ 
Jng in a circle whose axis is in the direo- 
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(in of the tangent to the ring. He will 
also observe that there is no motion 
around the asia of the ring. Now if we 
introduce polar co-ordinates p and S we 
■dnve, evidently, 
■ x=p COB 5 y=p BinS 

^bd for the rotations we may obvioiisly 
Wte 

^E £=~'k sin S, /;=A cos S, f=o, 
■pien A IB not a function of 5. The 
equation of the path of the particle is 
evidently one between a:, y, s where x and 
V are coiuiect«d by the relation 

t the equation of the path can be 
depead only upon f and z. E&- 
J now our equations 



'h' 



dz 



dx: 



d-v 



i observing that 



dV 
dy 



X_ f:dr 
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W=o w=-— v= — i/?=— -^^ 
"" ' "" dz! ~ dz dx dy 

If now we assume an element c?r' given 
by the co-ordinates S^', p', s' and for 
which A becomes A'; also denote by r its 
distance from the point (p, S^, s) or {xyz). 
Now our equations for U and V are 

2w*^ r "~ 2;r«^ r 

y_ J^ /-i/^ _ J^ /» A^ cos y<?T^ 
2;r*^ r "" 2;r«>' r 

When 

dr'=dx' dy' dz'=p'dp' dz' d^ 
and 

^= v'Cz-a)'^- p» H- p"-2pp' cos (J^'-J^) 
Now make for convenience 

this gives B'=.q)-\-^ and c^S'' = d(p there- 
fore we have again for U and V, 

A^[sin (p cos S^-hcos^ sin S^jc^y 
\/{z'-zy + p^^-p'^—2pp' cos (p 









/ 



tiiis is to be lidEiaL \^ip9>^sl v isud ^^. 
these being iiMr Bndts of > — >. 

-2 ^^ (2f-^zy-^f/'^fr^2f^f/(^7^'''' 

and onr expre s mons are tlms reduced to 

•^ a/Cz'— 2)* + P* + p"— 2pp'eos^ 

/ Vcos y COS J&^^y 
V(2'-z)" + p"+p"-? '•'^•fli 



V= ^^fTdfii/M r # cos 5 

♦ will #^«ttiy te fd tJie f oebl 

tr laA T iu>ir dcfEEr onlr bj m £Mtor, in 
fiiiet welukre 

T=-rtmS. 
Ho if W6 write 

w^j will have briefly 

r=:-P8in5, 
V- Pcob5. 

The valne of the fnnction ^ is not diffi- 
cult to obtain; we have 

2n 
/• cos (p d(p 

Wn will find the integration much sim- 
plirtod by the introduction of a new vari- 
nhlo V iloflned by the eqyxfiAion 
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2 

Then we have 

cos ^= — [1—2 sin*^] 
cos q}d(p=2[1^2 sinV]^^ 
and for the limits we have when <p 

=(o,2;r),^=(— , — -g-V Making this 

transformation we have 

"2 

—2 sinV]# 






+ /)"+2/op'-4p/)8mV 



2 



or, 



=-y? 



[l-2sin*!prje7!pr 



a/(z'-z)'+ (P + P')"-4:P/)' COS (p 



dip 






l?^*-vVjf^^N^ 
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+4/? 







2 siii*^fr dil> 



V(z'-z)« + (/o'+p)V, _ 4pp'siD'y 

^ {z'.zy+{p'+p) 
Make, 

^PP' -7,2 

then 

1 k 



then 

71 

2 

2^ /• dip 





n 

2 
2^ /» 2 Bin«^ <7V> 



The first of these is the complete elliptic 
integral of the first kind; we will, as 
usual, denote it by K. Examine now the 
second integral ; we have on multiplying 
it numerator and denominator by "k 



-J 
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n 
2 





7t 



l_(l_^2sinV) 



* /»±— ^±— /C Hill V^'/ 



7t 

2 

^: r dip 






■^VpP o Vl-^* sin ' ^ 

7t 



The second of these is the elliptic inte- 
gral of the second kind and denoted by 
E; we have then finally for ^, 

_ _2^ 4 4 



or 



-;^|{|-)-^} 



ira^^^^^^^B 


and consequently ^^^^^H 


P=i//v?|(l-0-l4 


dp'ii. 


-=-\fPm-'f->\ 


Bio S d/JM, 


v=^//V^1(1-)k-IM 


COS S dp'dz'. 


In the fimction tbrtt we have denoted by 


we see that the derivatives taken for 


z and z' have the same absolute values 


but opposite signs; consequently J 


ff^V-pfdxd.'^o 1 


when da=dpdz. But we have also , ,^ 


dz in-f ^ (h ^ 


therefore ^| 


/.f-=°- 1 


But we have for the energy T the equiA 


tion S 


^^^^ T=/.?r(IJ5+T^) ■ 



159 

Substituting for V,Y,S and 17 their values 
this becomes, 

T=zJT\dr=///F\pdpdzd^ 

integrating with respect to S" from to 
2;r, and writing again dpdz=d<X, 

T=27r/TpXdcr. 

Substituting for P its value we have 

T=z/^pp'\\'dcrd(T' 

when of course dcr and d(T^ denote the 
cross sections of the vortex filaments 
under consideration. Let S denote the 
component of velocity in which p in- 
creases : 

which is the same as 

u=S cos 5 v=S sin S^. 

But 

dY dV ^ ^ 

w=— -—-= — .^-. cos ^ 

dz dz 

dz dz 

therefore 

dz 
Now for w we have 
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dx dy 

and substituting for TJ and V their 
values. 
This gives 

dp p 

dp 
and we may also write 

.p=_^(?^) since t=o. 
dz dz 

From these we have the equation 
I p — A d<T=o in the form 

r ps\d<T=o 

and also 

dp ■, dz 
s=-s: andw= —- 

dt dt 

therefore 

and since for each vortex filament Xd<y is 
constant this gives 

y/)*Ad(r= const. 
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Some other interesting forms may be 
given before we proceed to the examina- 
tion of a special case. We had 



A;» = 



4/)'/) 



Taking logarithms this becomes 

2 log ^=log pp'Aog [{z'-zy + (/)' + /))*] 

Differentiating with respect to p and z we 

obtain 

2 dk_ {z'-^zy-^p'^^p^ 
k^dp''{z'^zy+{p' + pY 

2 dk zziz'-z) 



k dz (2'-2)*-h(p'4-/))* 
consequently, 

k\^dp ^dz\ (s'— ;?)*4-(p'H-p)* 

The denominator of this second member 
does not change by the interchange of 
accented and unaccented letters, but the 
numerator does change its sign, also k 
does not change by making the same 
transfer, therefore 

^ ^^^ I ^ <^k 

p — -\- z — 

dp dz 



aBsumes the opposite value by 
the accented letters in the plaei 
iinaccenteiil and vice versa. If from the 
value of (J in terms of K and E we obtain 






will see that this quantity does not 

alter by the interchange of accented and 
unaccented letters, consequently the 
qiiantitj 



dk^ 



■{"dp' 



asBumea the opposite value after the ii 
terchajige. We have by partial differsB 
tiatioE of * 

dp ~ dp dk dp 
_ilf dk 1 * 
~ dk' dp 2 p 
>W_(l^dk 
dz ~ dk dz 

Conaequently the above quantity ai 

the form 



And by virtue of the property proved fcB 
this qiiantity we know that 
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/• /». d$ d^ . 1 _\ 

pp'XV clada' 
But we have 

therefore 

Since now 

and 

dp dz 

this equation becomes 

J*{wp^z8)pXda JVpXd<J=o 

/T 
{wp—zs)pXdcf=-- . 

We will now introduce the comple 
mentaiy modulus k' defined by 

we have for this modulus 



or 



1S4 

II kis Terr nearly equal to nnitr, that is, 

ri 1^ lA indefinitelT small we see that ^ 

will be of the same order of magnitude 

as K, and again, that P will be of the 

same order as ^. We will examine the 

order of K on the supposition that J^ is 

infinitely smalL Since I^ is indefinitely 

small, we have, n^lecting higher powers 
than the second. 

Now 

n 

2 



"^=7 



a/1— A;*8in*v^ 



=/ 



7C 

2 

d4 





n 



=/ 



Vl— sin^^ + A:'* sin*v^ 



dip 



Voos*V^4-A;'"sinV 
or, by introducing an indefinitely small 
quantity £ which is, nevertheless, indefi- 
nitely large as regards k\ 
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n 
2 

n 

2 ' 

^ Vcos*^4-A;* sin *^ 

It 
Write now in the first integral j^ - in 

in place of W; since throughout the in- 
tegral Q is small the integral becomes 



f 



v^'^+k^e 

= ^log ^^ 

or since k^ is infinitely small with regard 
to k€ this is=^ log -^t- or = log -' 

In the second integral A;' sin ^ is 
throughout small as regards cos ^ and 
this integral is 
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5-£ 

2 



2 



— ^= log tan \ -^Tt-^^e [ 
„ cos v^ ^ (2 2 J 

or what is the same thing = log 

Hence we have 

2£ 2 4 

K=log-^ + log- =log^, 

Consequently for k' indefinitely small we 
see that K is indefinitely large, and ^ 
and therefore P are indefinitely large of 
the order log k\ Of course ^ does not de- 
pend on E as for k nearly equal to unity 

we have, 

2;r 



E= /* cos <p #=1. 



Representing the elliptic integral of the 
first kind as is usual by F, we have 



^=/ 



A/ir^^^^*sinV 
and also 

\ 
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Differentiating for k^ and writing 
a/1— A;*sin *^= J 

Now writing sin*^= p- (1— J*) we see 
that these two integrals depend on 

the two first of these are F and E 
respectively; as regards the third, we 
have 

d sin ^ cos ^__l~2sinY4-^*sinY 
d4 2 2^ 

or 

,2 d sin ^ co8^ _J*--A?'^_^_ X;'^ 

and thence by integration, 

/^^_ 1 -p,_K*sin^cos^ 
1^ "" A;'* F^^2 

The expressions for -^ , and -^, thus 
become. 
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dk kk'* { ) dk'^ 



dk=k\^-'^} 



and for the complete functions when 

dEi 1 

When k' is indefinitely small the first of 
these is of the order ^tj ^^^ *^® second 
by k'. Now we have obviously if k' be 
indefinitely small that-^ is of the order 

dk k{z'^) 



dp^2p(z'-zy + {p'+py 

These quantities are of the same order 
as k\ Therefore 

d^_^d£ dkl$ 
dp dk dp z p 
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and d^^d^ dk 

dz ^dk dz 

are of the same order as jy B j the aid 

of these preHizunazj ii]Te6tigation& we 
will now proceed to the examination of 
the case when only one vortex ring exiBts 
in the fluid, and will further more buj)- 
pose this ring to be of indefinitely small 
cross section and of the same order of 
magnitude as the indefinitely small 
qnantiiy €. We may again write as be- 
fore 

m:=z/Xd<T 

as m will be finite and ns d^ hi of the 
order £, X most be of the order -:=-• As- 

smne the equation of a circle such that 
the fluid elements of which it is composed 
shall lie indefinitely near the vortex fila- 
ment. Let its equations be 

We had 

(2-*>/>,) 



for all points lying at a finite diata 
from tlie circle. For these points by a 



*=^.](l^*)^-*-M 



P3= 

a find i 



dz ' 



top: 



dp 



we can find the values of s 
difficulty esiBts inasmuch as p^ and z, are 
functions of the time and as such will 
have to be determined, and to that end> 
it is necessary to consider the points that 
lie indefinitely near the circle, or points 
in the vortex filament. 

Suppose that the two circles {p, z), {p„, s,) 
are at a distance apart, that is of the sama 
order aa e. If we call r the distanoa ^ 
between them, we have 

;■= =p' + p^' —ipp^cos S + (a, - z) » 
or since S is indefinitely small 

this is of the same order as A'* therefoi 
k' is of the same order as £ — therefore 
- by our preceding investigations we s 
that P is of the same order as * when A 
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is of the same order as e. And also that 

P is of the order log. e. We had for the 

energy 

Tl=:27tfVpMa 

therefore T is of the same order as log. £. 
The preceding investigations taken in 
connection with the equations 

dz dp 

show that inside the vortex ring s and w 

are of the same order as— • We will now 

€ 

examine more closely p^ and z^. We have 
p^Y^(T=fp^Xd(y 

We assume that A is constantly of the 
same sign, consequently the circle (p,, ^o) 
Hes either in or indefinitely near the 
vortex filament. 

Now we found that, \d<x not varying 
with the time, 

/ p^Xd(T=GOU6t 

consequently p^ does not vary with the 
time. That is, if only one vortex fila- 



-1^ 



!!•: V :o 



nw-Tfnni I'SS LiHWilflhWtQ 
flll'''nHL 



r. / j^\iiff^ / zp- 'ut*d 



imza difise 

a ^ At - if 

But we jftd jiiaa 

• ./'» • till 

y ' .ft ^ *]Sb 

1*^ w« )mip^6 pi«ezit ift constant and xnji- 
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Bitely gi'eat, of the same order as log <; 
the difference between tbe values of z, I 
the second member, we know to be of 
the Bame order ob e, and we bave e< 

that -7- is of the order of — ; eoi 
rfr e 

quently the second member of the 

right hand aide of the equation is finite. 

Therefore, it foUowa that -=' is infinitely 

great of the order of log f, and, neglect- 
ing the finite term — is constant. Since 

T ie positive, ~ must have the same 

ae m, i. e., as A. Thns, if only one 
Tortex ring exist in the fluid, it will re- 
tain its radius unaltered during the mo- 
I tion, and will advance in the direction of 

the axiB of z with the velocity -~. Now, 

8 this vortex motion imphes motion in 
all the particles of the fluid we have, that 
all the fluid particles at a finite distance 
from the filament flow through the ring 
in the direction of z, or the i-everee. ac- 
cording to the sign A. If &=o, 




ITl 



to the <^^| 
ioD we lui^^l 



A ^17, find, according 

TMitioD for poeiiiTe rotation ' 

that the motion in the direction of z w31 
poBitive, if, in the case Q=o, t} is pos- 
itive. Therefore, it follows that the ring 
ia moving in the same direction as the 
fluid particles are flowing. I will now 
give the concluding remarks of Helm- 
hotz's great memoir as nearly as may be. 
We can now readily see in general how 
two Tortes rings having the eame axis 
will move with reference to eacJi other, 
by observing that each will have its mo- 
tioD modilied, dne by the motion of the 
particles of fluid, due to the rotation of 
the other. Suppose that botli rings 
have the same direction of rotation, then 
they will both move forward in the same 
direction, and the former will widen and 
move more slowly, while the latter will 
contract and move forward more i-apidly, 
finally overtaking and passing through 
the former, when the same operation will 
be repeated, the rings continually clu 
ing position throughout the mot^oi 
Suppose that the voiiex rings i 



Y ('hang^^ 



I eqa&l radii, the resiilt ia not changed in 
'Qie case of tlie same direction of rota- 
tion existing for both. Bat now let 
them eqnal radii, and equal bnt opposite 
angular velocities: they will approach 
each other, and both will expand — ap- 
proaching very near the effect of one 
upon the other is greatly increased — 
and they expand with constantly increas- 
ing velocity. 

Now suppose that the rings having 
equaJ and opposite angular velocities, 
are synmietrical to each other. Then 
the motion in the direction of the 
axis of those particles that lie midway 
between the rings is o. We can con- 
ceive this surface in which these particles 
lie as a fixed boundary, and we have the 
case of vortex rings moving in contact 
with a fixed surface. These rings can be 
readily formed in water ; or, rather, half 
rings can be foimed, if we draw through 
the water rapidly, and for a short dis- 
tance, a half immersed hemispherical 
vessel. Half rings will be formed in the 
water, having their axes in the fine aur- 






face of the fhritL -wiiich. wiE moTe exactiT 

m 

as liescTibed in tiie die^rr. The free snr- 

m 

fskce of the "water wiQ fornL a HmTtrncr 
plane, passing through the axes of the 
rings, and will not affect the motian. 
Kings of tobacco smoke have a rapid mo- 
tion forwards in the direction of and dne 
to the impnlsiTe force which produced 
them ; at the same time the ring flows 
through itself in the direction of the mo- 
tion of translation. 

It is Tciy interesting to observe the 
motions of smoke rings, and for this 
purpose the following simple apparatus, 
which has been described in a great many 
places, win be foimd nsefnl: A rough 
box, abont ten inches long, and the same 
height and width, is large enough; one 
end of the box to be open, and over this 
stitch a piece of cloth or rubber: make a 
hole, about three inches in diameter, in 
the opposite end of the box, and a num- 
ber of slides having smaller holes in 
them, to be placed over the larger open- 
ing and concentric with it. Now place 
inside of the box a vessel containing salt, 
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un which poor strong enlphnric acid ; 
and also place in the bos a piec« of cot- 
ton satiimted with ammonia; fames of 
ammoiiiiim chloride will iminediat«ly fill 
the bos. Now tap on tlie stretched mem- 
brane; rings will issue from the hole in 
the shde at the opposite end, and will 
move forward with Telocities proportional 
to the force of the blow struok. A veiy 
light tap ia all that is necessary, and, in- 
deed, is all tliat can be given, if it is de- 
sired to investigate the motion, as, other- 
wise, the rings move forward with such 
velocity that they can scarcely be fol- 
lowed with the eye. If the i-ings are al- 
lo'^ed to impinge upon a surface, the ro- 
tational velocity is suddenly increased 
very much, and thei-ings thus spread out 
over the surface. 

The same efl'ects will be noticed if two 
rings be allowed to meet each other in 
tiieir motion through the air. If the ori- 
fice be elliptic, the rings will be seen to 
interchange rapidly their axes, vibrating 
about a mean circular position. 

If bubbles of phosphuretted hydrogen 
be allowed to escape into the air, eacb 



_ not 



bubble, as it breaks, forms a vortex ring 

of phosphoric anhydiide, which is com- 
posed of a number of small rings. 

The reader is advised to read, on the 
subject of Tortes motion, Sir William 
Thomson's paper in the Edinburgh 
Transactions for 1869; also an article by 
D. Bobylew, in the Mathematische Ati- 
nalen, Vol, VL, in which he shows that 
the equation mA— const, is true not only 
for frictionless fluids, but also for those 
in which the friction has to be taken into 
account. 

The following articles will also be 
found to contain much of interest: On 
the Motion of "Water in a Rotating Rectan- 
gular Prism, A, G. Greenhill, Quarterly 
Journal of Mathematics for Nov., 1877; 
on Plane Vortex Motion, by^the same au- 
thor, and in the June number of the 
same journal for 1877- There are also 
several interesting articles in the Meaaen- 
j/er of Mal/iematiea for the year 1878, 
notably one of vortex motion in eUijitic 
cyhnders; and on the motion of a Hquid 
in a rotating quadrantaJ cylinder. 
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